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This paper presents symmetry classes of the Hartree-Fock (HF) solutions of spin and
orbital ordered states in a t2g Hubbard model on a two-dimensional square lattice. Using a
group theoretical bifurcation theory of the Hartree-Fock equation, we obtained many types of
broken symmetry solutions which bifurcate from the normal state through one step transition
in cases of commensurate ordering vectors Q0 = (0, 0), Q1 = (pi, pi), Q2 = (pi, 0) and
Q3 = (0, pi). Each broken symmetry state is characterized by the presence of local order
parameters(LOP) at each lattice site: quadrupole moment Q = (Q22, Q12, Q23, Q31), orbital
angular momentum l = (l1, l2, l3), spin density s = (s
1, s2, s3), spin quadrupole moment
Qλ = (Q2λ2 , Q
λ
12, Q
λ
23, Q
λ
31) and spin orbital angular momentum l
λ = (lλ1 , l
λ
2 , l
λ
3 ) where λ =
1, 2, 3. We performed numerical calculations for some parameter sets. Then we have found
that many types of non-collinear magnetic orbital ordered states having LOP:Qλ and lλ can
be the ground state for these parameter sets.
§1. Introduction
Perovskite-type RTiO3 and RVO3
1)–3) (R being a rare-earth ion or Y) and quasi
two-dimensional ruthenate compounds Ca2−xSrxRuO44)–8) have gained considerable
interest because of their plentiful phases including various orbital orders. In a pre-
vious paper9) (hereafter we cite it as I), in order to study these perovskite-type
compounds, we have considered a triply degenerate t2g Hubbard model on a three-
dimensional cubic lattice.
In the paper we have presented a brief review of the general group theoretical
bifurcation theory of the Hartree-Fock (HF) equation. By listing axial isotropy
subgroups of the R-reps(irreducible representation over the real number field) of
the group G0 of symmetry of the system, we have obtained various types of non
magnetic orbital ordered states and collinear ∗) magnetic ∗∗) orbital ordered states,
which bifrurcate from the normal state through one step transition in the cases of
ordering vectors QF = (0, 0, 0) and QG = (π, π, π).
In the present paper, to study quasi two-dimensional ruthenate compounds, we
consider a three-orbital t2g Hubbard model on a two-dimensional square lattice.
5)
We apply the group theoretical bifurcation theory to this model.
∗) All spins are along the z axis.
∗∗) The phrase ”magnetic” means magnetic due to the spin of electrons.
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In this paper we consider broken symmetry states with ordering vectors Γ point :
Q0 = (0, 0), M point : Q1 = (π, π) and X point : Q2 = (π, 0) and Q3 = (0, π) which
can allow states with double Q. Also we consider magnetic states with non-collinear
spin structure, which were not treated in I.
This paper is organized as follows. In §2 we give a model Hamiltonian and
its symmetry group G0. In §3 we present a general HF Hamiltonian with ordering
vectors Q0, Q1, Q2 andQ3, and define the isotropy subgroup of the HF Hamiltonian.
We present general formulae for the local order parameters (LOP) at the lattice site
m: the charge density, the spin density, the quadrupole moment, the orbital angular
momentum, the spin quadrupole moment, and the spin orbital angular momentum.
In §4 we present R-reps of the symmetry group G0 of the system over the HF
Hamiltonian space.
In §5 we present symmetry classes of non magnetic orbital ordered states by
listing axial isotropy subgroups of R-reps which do not break the spin rotation sym-
metry. In three examples, we show how to derive the canonical form of the HF
Hamiltonian and occupied orbitals from the isotropy subgroup of a state. We show
that all states, which break the time reversal symmetry, have orbital angular mo-
mentum and almost of all states, which do not break the time reversal symmetry,
have the quadrupole moment.
In §6 we present symmetry classes of magnetic orbital ordered states by listing
axial isotropy subgroups of R-reps which break the spin rotation symmetry. From R-
reps which break time reversal symmetry, we obtain states which have spin densities
or spin quadrupole moments as LOP. From R-reps which do not break time reversal
symmetry, we obtain states which have spin orbital angular moment as LOP.
In two collinear examples, in which hold the spin rotation symmetry around
the z axis, and the time reversal symmetry is broken, we show how to derive the
canonical form of occupied orbital and explicit form of the spin density or the spin
quadrupole moment as LOP. In three non-collinear examples, in which both of the
spin rotation symmetry around the z axis and the time reversal symmetry are broken,
we show how to derive the canonical form of occupied orbital and explicit form of
the non-collinear spin density or the spin quadrupole moment as LOP.
In §7 we report numerical results for some parameter sets. There we show that
various non-collinear magnetic states can be the most stable in all states described in
§5 and §6 for these parameter sets. In §8 a summary and discussion are given. In this
section we discuss two examples of states bifurcating through two step transitions
from the normal state. It is shown that these are the coexistent states of the spin
density and the quadrupole moment. The notation used in this paper follows the
one in I.
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§2. The model Hamiltonian and its symmetry
We consider the three-orbital t2g Hubbard Hamiltonian on the two-dimensional
square lattice (lattice constant= 1):
H =
∑
n
3∑
i=1
∑
s
ǫia
†
nisanis −
∑
n,a
3∑
i,j=1
∑
s
taija
†
nisa(n+a)js − µ
∑
n,i,s
nnis
+ U
∑
n,i
nni↑nni↓ +
U ′
2
∑
n
∑
i 6=j
∑
s,s′
nnisnnjs′
+
J
2
∑
n
∑
i 6=j
∑
s,s′
a
†
nisa
†
njs′anis′anjs +
J ′
2
∑
n
∑
i 6=j
∑
s,s′
a
†
nisa
†
nis′anjs′anjs, (2
.1)
where a†nis is the creation operator for a t2g electron with spin s in the i-th (i =
1 for dyz, i = 2 for dzx and i = 3 for dxy) orbital at site n and nnis = a
†
nisanis, ǫi is
the crystal field for the i-th orbital, a is the vector connecting nearest neighbor sites
, that is, a = (1, 0), (0, 1), (−1, 0), (0,−1) and taij is the nearest neighbor hopping
integral between i and j orbitals along a direction, U is the intra-orbital Coulomb
interaction, U ′ is the inter-orbital Coulomb interaction, J is the exchange integral
and J ′ is the pair hopping interaction. U = U ′ + J + J ′ is derived from rotational
invariance in orbital space and J = J ′ from the evaluation of Coulomb integrals.
Three t2g atomic orbitals φ1(r), φ2(r) and φ3(r) of an atom located at the origin
are defined by
φ1(r) = dyz = f(r)yz,
φ2(r) = dzx = f(r)zx,
φ3(r) = dxy = f(r)xy, (2.2)
where r = (x, y, z), r = |r| and f(r) is a spherical symmetric function. Three t2g
atomic orbitals of an atom located at a site n are given by φ1(r−n), φ2(r−n) and
φ3(r − n).
The symmetry group G0 of the Hamiltonian H in (2.1) is given by
G0 = P × S ×R, (2.3)
where P = L(e1,e2) ∧D4h is the space group of the square lattice, L(e1,e2) is a
two-dimensional translation group with basis vectors e1 and e2, and ∧ denotes the
semidirect product. D4h is the point group of the square lattice. S is the group of
spin rotation, R = {E, t} is the group of time reversal.
Three orbitals φ1(r), φ2(r) and φ3(r) have following symmetry properties for
p ∈D4h.
p · φi(r) ≡ φi(p−1 · r) =
2∑
j=1
φj(r)D
(Eg)
ji (p), for i = 1, 2
p · φ3(r) ≡ φ3(p−1 · r) = χ(B2g)(p)φ3(r), (2.4)
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Table I. R-rep matrices D(γ) of D4h
Representation A1g A2g B1g B2g Eg
E 1 1 1 1
„
1 0
0 1
«
C+4z 1 1 −1 −1
„
0 1
−1 0
«
C−4z 1 1 −1 −1
„
0 −1
1 0
«
C2z 1 1 1 1
„ −1 0
0 −1
«
C2x 1 −1 1 −1
„
1 0
0 −1
«
C2y 1 −1 1 −1
„ −1 0
0 1
«
C2a 1 −1 −1 1
„
0 −1
−1 0
«
C2b 1 −1 −1 1
„
0 1
1 0
«
D(γ)(Ip) = D(γ)(p), for p ∈ D4, I : inversion.
where D
(Eg)
ji (p)(χ
(B2g)(p)) are R-rep matrices of Eg(B2g). The equations (2.4) can
be expressed in a more compact form
p · φi(r) =
3∑
j=1
φj(r)Dji(p), i = 1, 2, 3 (2.5)
where
D(p) =

 D
(Eg)
11 (p) D
(Eg)
12 (p) 0
D
(Eg)
21 (p) D
(Eg)
22 (p) 0
0 0 χ(B2g)(p)

 . (2.6)
Action of p ∈D4h on φi(r − n) are given by
p · φi(r − n) ≡ φi(p−1 · r − n) = φi(p−1 · (r − p · n))
=
3∑
j=1
φj(r − p · n)Dji(p). (2.7)
Then actions of p ∈D4h on {a†nis, anis} are given by
p · a†nis =
3∑
j=1
a
†
(p·n)jsDji(p), p · anis =
3∑
j=1
a(p·n)jsDji(p). (2.8)
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Actions of translation T (n) ∈ L(e1,e2) with a vector n = n1e1 + n2e2(n1 and
n2 are integers) on {a†mis, amis} are given by
T (n) · a†mis = a†(n+m)is, T (n) · amis = a(n+m)is. (2.9)
Actions of spin rotation u(n, θ) ∈ S, time reversal t ∈ R on {a†mis, amis} are defined
by12), 14)
u(n, θ) · a†mis =
∑
s′
u(n, θ)s′sa
†
mis′ , u(n, θ) · amis =
∑
s′
{u(n, θ)s′s}∗amis′ ,
t · (za†mi↑) = −z∗a†mi↓, t · (zami↑) = −z∗ami↓,
t · (za†mi↓) = z∗a†mi↑, t · (zami↓) = z∗ami↑, (2.10)
where u(n, θ) is a spin rotation by θ around the n axis and is given by 2× 2 unitary
matrix;
u(n, θ) = cos(
θ
2
)12 − i(σ · n) sin(θ
2
),
σ = (σ1, σ2, σ3) : Pauli matrices,
12 = 2× 2 unit matrix, (2.11)
and z is a complex number and z∗ is a complex conjugate of z.
From D4h invariance of the Hamiltonian H, we obtain following conditions for
ǫi and t
a
ij
ǫ1 = ǫ2 = δ, ǫ3 = 0
t
(1,0)
11 = t
(−1,0)
11 = t
(0,1)
22 = t
(0,−1)
22 = t1,
t
(1,0)
22 = t
(−1,0)
22 = t
(0,1)
11 = t
(0,−1)
11 = t2,
t
(1,0)
33 = t
(−1,0)
33 = t
(0,1)
33 = t
(0,−1)
33 = t3,
taij = 0, in other cases (2.12)
where δ is the level splitting between φ3 and (φ1, φ2) orbitals.
Using Fourier transformations
a
†
iks =
1√
N
∑
n
eik·na†nis, aiks =
1√
N
∑
n
e−ik·nanis, (2.13)
we obtain H in the momentum representation
H =
∑
k,s
3∑
i=1
{−tii(k)− µ} a†iksaiks
+
1
2
∑
k,k′,q
3∑
i,j,n,m=1
∑
s,s′
〈i(k + q)s, nk′s′ | V | jks,m(k′ + q)s′〉
× a†
i(k+q)sa
†
nk′s′am(k′+q)s′ajks. (2
.14)
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where N is the number of lattice sites and k runs in the first Brillouin zone:
{k = (k1, k2) | −π ≤ k1, k2 ≤ π}, and
tii(k) and 〈i(k + q)s, nk′s′ | V | jks,m(k′ + q)s′〉 are given by
t11(k) = −δ + 2(t1 cos k1 + t2 cos k2),
t22(k) = −δ + 2(t2 cos k1 + t1 cos k2),
t33(k) = 2t3(cos k1 + cos k2), (2.15)
〈i(k + q)s, ik′s′ | V | iks, i(k′ + q)s′〉 = U
N
,
〈i(k + q)s, jk′s′ | V | iks, j(k′ + q)s′〉 = U
′
N
, i 6= j,
〈i(k + q)s, jk′s′ | V | jks, i(k′ + q)s′〉 = J
N
, i 6= j,
〈i(k + q)s, ik′s′ | V | jks, j(k′ + q)s′〉 = J
′
N
, i 6= j,
〈i(k + q)s, nk′s′ | V | jks,m(k′ + q)s′〉 = 0, otherwise. (2.16)
From (2.8), (2.9), (2.10) and (2.13), actions of p ∈D4h, T (n) ∈ L(e1,e2),
u(n, θ) ∈ S, t ∈ R on {a†iks, aiks} are given by
p · a†iks =
3∑
j=1
Dji(p)a
†
j(p·k)s, p · aiks =
3∑
j=1
Dji(p)aj(p·k)s,
T (n) · a†iks = e−ik·na†iks, T (n) · aiks = eik·naiks,
u(n, θ) · a†iks =
2∑
s′=1
u(n, θ)s′sa
†
iks′ , u(n, θ) · aiks =
2∑
s′=1
u(n, θ)∗s′saiks′ ,
t · (za†ik↑) = −z∗a†i(−k)↓, t · (zaik↑) = −z∗ai(−k)↓,
t · (za†ik↓) = z∗a†i(−k)↑, t · (zaik↓) = z∗ai(−k)↑. (2.17)
§3. Hartree-Fock Hamiltonian and its isotropy subgroup
In this paper we consider HF solutions with four types of ordering vectors Q0 =
(0, 0),Q1 = (π, π),Q2 = (π, 0),Q3 = (0, π). Thus a general HF Hamiltonian Hm is
written as
Hm = HK +
3∑
l=0
3∑
i,j=1
3∑
λ=0
2∑
s,s′=1
∑
k
xlλij (k)a
†
i(k+Ql)s
σλss′ajks′ , (3.1)
where HK is the kinetic energy written as
HK =
∑
k
3∑
i=1
2∑
s=1
{−tii(k)− µ} a†iksaiks. (3.2)
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From the Hermite condition of Hm we have
xlλij (k +Ql)
∗ = xlλji(k). (3.3)
xlλij (k) in (3.1) satisfy following SCF conditions
xl0ij(k) =
∑
k′
3∑
m,n=1
W linjm(k,k
′)ρl0mn(k
′), l = 0, 1, 2, 3
xlλij (k) =
∑
k′
3∑
m,n=1
Y linjm(k,k
′)ρlλmn(k
′), l = 0, 1, 2, 3, λ = 1, 2, 3 (3.4)
where
ρlλij (k) =
1
2
2∑
s,s′=1
〈a†
j(k+Ql)s
aiks′〉σλss′ ,
W linjm(k,k
′) = 2〈i(k +Ql)s, nk′s | V | jks,m(k′ +Ql)s〉
− 〈i(k +Ql)s, nk′s | V | m(k′ +Ql)s, jks〉,
Y linjm(k,k
′) = −〈i(k +Ql)s, nk′s | V | m(k′ +Ql)s, jks〉, (3.5)
where 〈Aˆ〉 denotes the expectation value of Aˆ in the ground state of the HF Hamil-
tonian Hm and ρ
lλ
ij (k) satisfies
ρlλji(k)
∗ = ρlλij (k +Ql),
〈a†
j(k+Ql)s
′aiks〉 =
3∑
λ=0
σλss′ρ
lλ
ij (k). (3.6)
From (2.16) we have for i 6= j
W liiii(k,k
′) ≡Wiiii = U
N
, Y liiii(k,k
′) ≡ Yiiii = −U
N
,
W lijij(k,k
′) ≡Wijij = 2U
′ − J
N
, Y lijij(k,k
′) ≡ Yijij = − J
N
,
W liijj(k,k
′) ≡Wiijj = J
′
N
, Y liijj(k,k
′) ≡ Yiijj = −J
′
N
,
W lijji(k,k
′) ≡Wijji = 2J − U
′
N
, Y lijji(k,k
′) ≡ Yijji = −U
′
N
,
W linjm(k,k
′) ≡Winjm = 0, Y linjm(k,k′) ≡ Yinjm = 0, otherwise (3.7)
From (3.4) and (3.7) we see that xlλij (k) are independent of k and given by
xl0ij(k) ≡ xl0ij = N
3∑
m,n=1
WinjmR
l0
mn, l = 0, 1, 2, 3
xlλij (k) ≡ xl0ij = N
3∑
m,n=1
YinjmR
lλ
mn, l = 0, 1, 2, 3, λ = 1, 2, 3 (3.8)
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where
Rlλij =
1
N
∑
k
ρlλij (k). (3.9)
We denote a 3 × 3 matrix whose (i, j) component is xlλij (Rlλij ) by xlλ(Rlλ). From
(3.3), (3.6), (3.8), (3.9), we see that xlλ and Rlλ are Hermite matrices.
From (3.8) the HF Hamiltonian Hm in (3.1) can be written as
Hm = HK +
3∑
l=0
3∑
i,j=1
3∑
λ=0
2∑
s,s′=1
∑
k
xlλij a
†
i(k+Ql)s
σλss′ajks′ . (3.10)
From (3.10) and the Hermiticity of xlλ, Hm is characterized by 3 × 3 Hermitian
matrices xlλ (16 matrices in all, corresponding l = 0, 1, 2, 3, λ = 0, 1, 2, 3). Thus Hm
is specified by a vector in the HF Hamiltonian space WHF over real number field
R:
WHF =
{∑
k
(a†
i(k+Ql)s
ajks′ + a
†
jks′ai(k+Ql)s
),
∑
k
(ia†
i(k+Ql)s
ajks′ − ia†jks′ai(k+Ql)s)
}
R
,
(3.11)
where l = 0, 1, 2, 3, i, j = 1, 2, 3 and {A,B, · · · , }R denotes a vector space with bases
A,B, · · · over the real number field.
The HF energy is expressed in terms of Rlλ
EFH = 〈HK〉′ +N2
3∑
i,n,j,m=1
WinjmR
l0
jiR
l0
mn
+N2
3∑
i,n,j,m=1
3∑
λ=1
YinjmR
lλ
jiR
lλ
mn,
〈HK〉′ = −2
∑
k
3∑
i=1
tii(k)ρ
00
ii (k). (3.12)
The SCF condition (3.8) corresponds to the extremum condition of EFH.
11)
Actions g ∈ G0 on Hm are defined by
g ·Hm = HK
+
3∑
l=0
3∑
i,j=1
3∑
λ=0
2∑
s,s′=1
∑
k
(xlλij )
(∗)(g · a†
i(k+Ql)s
)(σλss′)
(∗)(g · ajks′), (3.13)
where A(∗) denotes the complex conjugation of a complex number A in the case of
anti-unitary g which contains time reversal t. Note that
g ·HK ≡
∑
k
3∑
i=1
2∑
s=1
{−tii(k)− µ} (g · a†iks)(g · aiks) = HK . (3.14)
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We define the isotropy subgroup G(Hm) of Hm by
G(Hm) ≡ {g ∈ G0 | g ·Hm = Hm}. (3.15)
Actions of g ∈ G0 on Rlλ are defined by
(g ·Rlλ)ij = 1
2N
∑
k
2∑
s,s′=1
〈(g−1 · a†
j(k+Ql)s
)(g−1 · aiks′)〉(∗)σλss′ . (3.16)
In previous papers,11), 19) we have shown that for g ∈ G(Hm)
〈(g · a†iks)(g · ajk′s′)〉(∗) = 〈a†iksajk′s′〉. (3.17)
Then we obtain for g ∈ G(Hm)
g ·Rlλ = Rlλ. (3.18)
For subsequent uses we list explicit forms of G0 actions. For p ∈ D4h, T (m) ∈
L0, u(n, θ) ∈ S, t ∈ R
p ·Rlλ = D(p)R(p−1·l)λD†(p),
T (m) ·Rlλ = eiQl·mRlλ,
u(n, θ) ·Rl0 = Rl0,
u(n, θ) ·Rlλ =
3∑
λ′=1
R(n,−θ)λ′λRlλ′ , λ = 1, 2, 3,
t ·Rl0 = (Rl0)∗,
t ·Rlλ = −(Rlλ)∗, λ = 1, 2, 3, (3.19)
where (p−1 · l) is defined such that
Qp−1·l ≡ p−1 ·Ql, (3.20)
and R(n, θ) is the rotation matrix by θ radian around n = (n1, n2, n3) axis in the
three dimensional Euclid space and is given by19), 20)
R(u(n, θ)) = R(n,−θ) =
 cos θ + (1− cos θ)n21 (1 − cos θ)n1n2 − n3 sin θ (1− cos θ)n1n3 + n2 sin θ(1− cos θ)n1n2 + n3 sin θ cos θ + (1− cos θ)n22 (1− cos θ)n2n3 − n1 sin θ
(1− cos θ)n1n3 − n2 sin θ (1 − cos θ)n2n3 + n1 sin θ cos θ + (1− cos θ)n23

 .
(3.21)
We define density matrices Dss
′
(m) = {Dss′ij (i, j = 1, 2, 3, s, s′ = 1, 2)} at a site
m as follows:
Dss
′
ij (m) = 〈a†mjs′a mis〉. (3.22)
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Since for all states with ordering vectors Ql (l = 0, 1, 2, 3)
〈a†
jk′s′aiks〉 = 0, for k′ 6= k+Ql, (3.23)
using (3.6) we obtain
Dss
′
ij (m) =
1
N
∑
k,k′
e−ik
′·meik·m〈a†
jk′s′aiks〉
=
1
N
∑
k
3∑
l=0
e−iQl·m〈a†
j(k+Ql)s
′aiks〉
=
1
N
∑
k
3∑
l=0
3∑
λ=0
e−iQl·mσλss′ρ
lλ
ij (k)
=
3∑
l=0
3∑
λ=0
e−iQl·mσλss′R
lλ
ij . (3.24)
Thus we obtain
Dss
′
(m) =
3∑
l=0
3∑
λ=0
e−iQl·mσλss′R
lλ. (3.25)
Then we obtain explicit expression of density matrices as follows:
D↑↑(m) =
3∑
l=0
e−iQl·m(Rl0 +Rl3),
D↓↓(m) =
3∑
l=0
e−iQl·m(Rl0 −Rl3),
D↑↓(m) =
3∑
l=0
e−iQl·m(Rl1 − iRl2),
D↓↑(m) =
3∑
l=0
e−iQl·m(Rl1 + iRl2). (3.26)
From (3.18) we can see that symmetry properties of density matrices Dss
′
(m) are
determined by G(Hm).
Using notations
A†(m) =
(
A
†
1(m), A
†
2(m), A
†
3(m), A
†
4(m), A
†
5(m), A
†
6(m)
)
≡
(
a
†
m1↑, a
†
m2↑, a
†
m3↑, a
†
m1↓, a
†
m2↓, a
†
m3↓
)
, (3.27)
we define generalized density matrix D(m) whose (i, j) component is given by
Dij(m) =
〈
A
†
j(m)Ai(m)
〉
. (3.28)
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From (3.22) we obtain
D(m) =
(
D↑↑(m) D↑↓(m)
D↓↑(m) D↓↓(m)
)
. (3.29)
The 6× 6 Hermitian matrix D(m) is diagonalized by a unitary matrix U as follows:
U†DU =


λ1 0 0 0 0 0
0 λ2 0 0 0 0
0 0 λ3 0 0 0
0 0 0 λ4 0 0
0 0 0 0 λ5 0
0 0 0 0 0 λ6


. (3.30)
Defining B†(m) = (B†1(m), B
†
2(m), B
†
3(m), B
†
4(m), B
†
5(m), B
†
6(m)) by
B†(m) = A†(m)U , B(m) = U†A(m), (3.31)
we obtain
〈B†l (m)Bk(m)〉 =
6∑
i,j=1
〈A†i (m)UilU†kjAj(m)〉
=
6∑
i,j=1
Uil〈A†i (m)Aj(m)〉U†kj
=
6∑
i,j=1
U†kjD(m)jiUil = δklλl. (3.32)
Thus occupied spin orbitals ψl and their occupation numbers n(ψl) are given by
ψl =
3∑
i=1
(
φi |↑〉Uil + φi |↓〉U(i+3)l
)
,
n(ψl) = λl. (3.33)
where l = 1, . . . , 6.
Here we present formulae for the local order parameter(LOP) at a site m. The
charge density at a site m: d(m) is expressed by
d(m) =
3∑
j=1
∑
ss′
〈a†mjsamjs′〉σ0ss′ . (3.34)
The λ th component of the spin density at the m: sλ(m) is written as
sλ(m) =
1
2
3∑
j=1
∑
ss′
〈a†mjsamjs′〉σλss′ , λ = 1, 2, 3. (3.35)
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The (i, j) component of the quadrupole moment at the site m: Qij(m) are written
as
Q11(m) = I1
2∑
s,s′=1
(
2〈a†m1sam1s′〉 − 〈a†m2sam2s′〉 − 〈a†m3sam3s′〉
)
σ0ss′
Q22(m) = I1
2∑
s,s′=1
(
−〈a†m1sam1s′〉+ 2〈a†m2sam2s′〉 − 〈a†m3sam3s′〉
)
σ0ss′
Q33(m) = I1
2∑
s,s′=1
(
−〈a†m1sam1s′〉 − 〈a†m2sam2s′〉+ 2〈a†m3sam3s′〉
)
σ0ss′
Qij(m) = I2
∑
ss′
〈a†misamjs′ + a†mjsamis′〉σ0ss′ , i 6= j, (3.36)
where
I1 =
∫
drφ1(r)(x
2 − y2)φ1(r),
I2 = 3
∫
drφ1(r)xyφ2(r). (3.37)
The derivation of (3.36) is given in Appendix A.
The (i, j) component of the spin-quadrupole moment at the site m: Qλij(m) are
defined by, for λ = 1, 2, 3,
Qλ11(m) =
1
2
I1
2∑
s,s′=1
(
2〈a†m1sam1s′〉 − 〈a†m2sam2s′〉 − 〈a†m3sam3s′〉
)
σλss′,
Qλ22(m) =
1
2
I1
2∑
s,s′=1
(
−〈a†m1sam1s′〉+ 2〈a†m2sam2s′〉 − 〈a†m3sam3s′〉
)
σλss′ ,
Qλ33(m) =
1
2
I1
2∑
s,s′=1
(
−〈a†m1sam1s′〉 − 〈a†m2sam2s′〉+ 2〈a†m3sam3s′〉
)
σλss′ ,
Qλij(m) =
I2
2
∑
ss′
〈a†misamjs′ + a†mjsamis′〉σλss′ , i 6= j, λ = 1, 2, 3. (3.38)
This type of order parameter has been treated in a paper by Shiina, Nishitani and
Shiba21) as the coupled orbital and spin morment in the case of the superexchange
model of eg orbital.
In our system with tetragonal symmetry we use Q22(m) and Q
2λ
2 (m) instead of
Qii and Q
λ
ii(i = 1, 2, 3), where
Q22(m) =
1
3
(Q11 −Q22) = I1
2∑
ss′=1
(
〈a†m1sam1s′〉 − 〈a†m2sam2s′〉
)
σ0ss′ ,
Q2λ2 (m) =
1
3
(Qλ11 −Qλ22) =
I1
2
2∑
ss′=1
(
〈a†m1sam1s′〉 − 〈a†m2sam2s′〉
)
σλss′ . (3.39)
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The i-th component(i = 1, 2, 3) of the orbital angular momentum at the site m:
li(m) are written as
l1(m) =
∑
ss′
(
i〈a†m2sam3s′〉 − i〈a†m3sam2s′〉
)
σ0ss′,
l2(m) =
∑
ss′
(
i〈a†m3sam1s′〉 − i〈a†m1sam3s′〉
)
σ0ss′,
l3(m) =
∑
ss′
(
i〈a†m1sam2s′〉 − i〈a†m2sam1s′〉
)
σ0ss′. (3.40)
The derivation of (3.40) is given in Appendix B.
The i-th component(i = 1, 2, 3) of the spin-orbital angular momentum at the
site m: lλi (m) are defined by, for λ = 1, 2, 3,
lλ1 (m) =
1
2
∑
ss′
(
i〈a†m2sam3s′〉 − i〈a†m3sam2s′〉
)
σλss′,
lλ2 (m) =
1
2
∑
ss′
(
i〈a†m3sam1s′〉 − i〈a†m1sam3s′〉
)
σλss′,
lλ3 (m) =
1
2
∑
ss′
(
i〈a†m1sam2s′〉 − i〈a†m2sam1s′〉
)
σλss′. (3.41)
Here we express these local order parameters in terms of Rlλ. Using (3.22) and
(3.25) we obtain
∑
ss′
〈a†mjsamis′〉σλss′ = 2
3∑
l=0
e−iQl·mRlλij . (3.42)
From (3.42), we obtain
d(m) = 2
3∑
l=0
3∑
j=1
e−iQl·mRl0jj
sλ(m) =
3∑
l=0
3∑
j=1
e−iQl·mRlλjj,
Q22(m) = 2I1
3∑
l=0
e−iQl·m
(
Rl011 −Rl022
)
Qij(m) = 2I2
3∑
l=0
e−iQl·m
(
Rl0ij +R
l0
ji
)
, i 6= j,
Q2λ2 (m) = I1
3∑
l=0
e−iQl·m
(
Rlλ11 −Rlλ22
)
Qλij(m) = I2
3∑
l=0
e−iQl·m(Rlλij +R
lλ
ji ), i 6= j,
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l1(m) = 2
3∑
l=0
e−iQl·m(−i)(Rl023 −Rl032), lλ1 (m) =
3∑
l=0
e−iQl·m(−i)(Rlλ23 −Rlλ32),
l2(m) = 2
3∑
l=0
e−iQl·m(−i)(Rl031 −Rl013), lλ2 (m) =
3∑
l=0
e−iQl·m(−i)(Rlλ31 −Rlλ13),
l3(m) = 2
3∑
l=0
e−iQl·m(−i)(Rl012 −Rl021), lλ3 (m) =
3∑
l=0
e−iQl·m(−i)(Rlλ12 −Rlλ21).
(3.43)
Here we give the physical meanings of Qλij and l
λ
j (i, j, λ = 1, 2, 3). As an example
we consider the case of Q312 and l
3
1. The quadrupole moment Q
↑
12(m)(Q
↓
12(m)) by
the up spin (down spin) electrons at the site m is written as
Q
↑
12(m) = I2
〈
a
†
m1↑am2↑ + a
†
m2↑am1↑
〉
,
Q
↓
12(m) = I2
〈
a
†
m1↓am2↓ + a
†
m2↓am1↓
〉
. (3.44)
Thus we obtain
Q12(m) = Q
↑
12(m) +Q
↓
12(m),
Q312(m) =
1
2
(
Q
↑
12(m)−Q↓12(m)
)
. (3.45)
Then we obtain
Q
↑
12(m) =
1
2
(
Q12(m) + 2Q
3
12(m)
)
,
Q
↓
12(m) =
1
2
(
Q12(m)− 2Q312(m)
)
. (3.46)
From (3.46) the existence of Q312(m) implies the different quadrupole moment for
different spin.
The orbital angular momentum l↑1(m)(l
↓
1(m)) by the up spin (down spin) elec-
trons at the site m is written as
l
↑
1(m) = i
〈
a
†
m2↑am3↑ − a†m3↑am2↑
〉
,
l
↓
1(m) = i
〈
a
†
m2↓am3↓ − a†m3↓am2↓
〉
. (3.47)
Thus we obtain
l
↑
1(m) =
1
2
(
l1(m) + 2l
3
1(m)
)
,
l
↓
1(m) =
1
2
(
l1(m)− 2l31(m)
)
. (3.48)
Thus the existence of l31(m) implies the different orbital angular momentum for
different spin. We note that other Qλij(m) and l
λ
j (m) have physical meanings similar
to the above cases.
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§4. R-reps of G0 in WHF
First we give some notations and definitions in reference to the group theory.
We denote an R-rep of a group G as Gˇγ where γ labels an R-rep. Let dγ(g) be the
R-rep matrix of Gˇγ corresponding to g ∈ G and W (Gˇγ) be the representation space
of Gˇγ spanned by (lγ1 , l
γ
2 , · · · , lγn) over the real number field:
W (Gˇγ) = {lγ1 , lγ2 , · · · , lγn}R. (4.1)
Then for g ∈ G
g · lγi =
n∑
i′=1
dγ(g)i′il
γ
i′ . (4
.2)
Using real numbers xi(i = 1, 2, · · · , n), a vector v ∈W (Gˇγ) is written as follows
v =
n∑
i=1
xil
γ
i . (4
.3)
The isotropy subgroup Σ(v) of v ∈W (Gˇγ) is
Σ(v) = {g ∈ G | g · v = v}. (4.4)
Let H ⊂ G0 be a subgroup of G0. The fixed-point subspace of H in W (Gˇγ) is
Fixγ(H) = {v ∈W (Gˇγ) | g · v = v for all g ∈ H}. (4.5)
An isotropy subgroup with one-dimensional fixed-point subspace is called an axial
isotropy subgroup.17)
According to group theoretical analysis of the HF equation,9), 11), 13), 19) instabil-
ities of a HF solution (characterized by HF Hamiltonian Hm) is labeled by R-reps
of the isotropy subgroup of Hm.
Using the equivariant branching lemma16) in the group theoretical bifurcation
theory,15), 16), 18) we can show9), 13) that if an instability of a HF solution characterized
by an R-rep Gˇγ0 occurs, there always exists a branch of a HF solution which bifurcates
through the instability and has the axial isotropic subgroup in W (Gˇγ0). Thus we can
enumerate broken symmetry states bifurcating from the normal paramagnetic state
by listing axial isotropy subgroups of each R-rep Gˇ0 of G0.
Since we consider HF solutions with three types of ordring vectors, Γ point:
Q0 = (0, 0), M point: Q1(π, π) and X point: {Q2 = (π, 0),Q3 = (0, π)}, we present
R-reps ofG0 in the representation spaceWHF with ordering vectorsQi, (i = 0, 1, 2, 3).
An R-rep of G0 = P ×S ×R in WHF is written as Kronecker products of R-reps of
P ,S and R as follows.
Gˇ0 = Pˇ ⊗ Sˇ ⊗ Rˇ. (4.6)
16 M. Hamada, A. Nakanisi, A. Goto and M. Ozaki
Thus relevant R-reps of G0 in WHF are written as
Gˇ
(Γj,µ,ν)
0 = Pˇ
(Γj) ⊗ Sˇ(µ) ⊗ Rˇ(ν),
Gˇ
(Mj,µ,ν)
0 = Pˇ
(Mj) ⊗ Sˇ(µ) ⊗ Rˇ(ν),
Gˇ
(Xγ,µ,ν)
0 = Pˇ
(Xγ) ⊗ Sˇ(µ) ⊗ Rˇ(ν), (4.7)
where Sˇ
0
is the identity representation and Sˇ
1
is a three dimensional R-rep of S
written as
Sˇ
(1)
(u(n, θ)) = R(u(n, θ)), (4.8)
where R(u(n, θ)) is the three-dimensional rotation matrix defined in (3.21), Rˇ(0) is
the identity representation and Rˇ(1) is a one-dimensional representation such that
Rˇ(1)(E) = 1, Rˇ(1)(t) = −1. (4.9)
Pˇ
(Γj)
(Pˇ
(Mj)
) are R-reps of P with ordering vector Q0 = (0, 0)(Q1 = (π, π)) and j is
the label of R-rep of the little co-groupD4h ofQ0(Q1), that is , j = A1g,A2g,B1g,A2g,
Eg
∗). The Rep Pˇ (Xγ) are R-reps of P with ordering vector Q2 = (π, 0) and γ is the
label of the R-rep of the little co-group D2h of Q2, that is, γ = Ag,B1g,B2g,B3g.
The R-rep matrices of Pˇ
(Γj)
, Pˇ
(Mj)
and Pˇ
(Xγ)
are given in Table II.
In Table III and Table IV we list bases in WHF of Gˇ
(Γj,µ,ν)
0 , Gˇ
(Mj,µ,ν)
0 and
Gˇ
(Xj,µ,ν)
0 . Then bases h(Λ,µ, ν)m,λ,1 of Pˇ
(Λ) ⊗ Sˇ(µ) ⊗ Rˇ(ν) transform as follows
for p ∈D4h, T (m) ∈ L0, u(n, θ) ∈ S and r ∈ R
pT (m)u(n, θ)r · h(Λ,µ, ν)m,λ,1
=
|Λ|∑
m′=1
|µ|∑
λ′=1
Pˇ
(Λ)
m′m (pT (m)) Sˇ
(µ)
λ′λ(u(n, θ))Rˇ
(ν)(r)h(Λ,µ, ν)m′ ,λ′,1, (4.10)
where | Λ | denotes the dimension of a R-rep Λ.
In the following sections we show that R-reps Gˇ
(Λ,0,0)
0 (λ 6= ΓA1g,MA1g,XAg)
derive states with quadrupole moment, R-reps Gˇ
(Λ,0,1)
0 , in which the time reversal
symmetry is broken, derive states with orbital angular momentum, R-reps Gˇ
(Λ,1,1)
0 (
Λ 6= ΓA1g,MA1g ,XAg) derive states with spin quadrupole moment, and R-reps
Gˇ
(Λ,1,0)
0 , which hold the time reversal symmetry, derive states with spin orbital an-
gular momentum.
§5. Symmetry classes of non magnetic orbital ordered states.
In this section we consider broken symmetry states derived from R-reps Gˇ
(Γj,0,ν)
0 ,
Gˇ
(Mj,0,ν)
0 and Gˇ
(Xγ,0,ν)
0 , which hold spin rotation symmetry S. In order to list non
∗) The HF Hamiltonian space WHF is spanned by only gerade(even) bases.
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Table II. R-rep matrices of P ,S and R
group R− rep matrix
P Pˇ
(Γj)
(pT (m)) = D(j)(p) p ∈D4h
Pˇ
(Mj)
(pT (m)) = D(j)(p)e−iQ1·m p ∈D4h
Pˇ
(Xγ)
(pT (m)) =
 
χ(γ)(p)e−iQ2·m 0
0 χ(γ)(C2apC2a)e
−iQ
3
·m
!
p ∈D2h
Pˇ
(Xγ)
(C2apT (m)) =
 
0 χ(γ)(C2apC2a)e
−iQ
3
·m
χ(γ)(p)e−iQ2·m 0
!
p ∈D2h
S Sˇ
(0)
(u(n, θ)) = 1 u(n, θ) ∈ S
Sˇ
(1)
(u(n, θ)) = R(u(n, θ))
R Rˇ
(0)(t) = 1 t ∈ R
Rˇ
(1)(t) = −1
(1)T (m) ∈ L0 = L(e1, e2)
(2)D(j) = an R-rep matrix of D4h
(3)χ(γ)(p) = an R-rep matrix of D2h
(4)R(u(n, θ)) = the matrix defined in (3.21)
magnetic ordered states with ordering vectors Ql (l = 0, 1, 2, 3) bifurcating from the
normal state, we present the axial isotropy subgroups of the R-reps Gˇ
(Γj,0,ν)
0 , Gˇ
(Mj,0,ν)
0
and Gˇ
(Xγ,0,ν)
0 . The axial isotropy subgroups of R-reps Gˇ
(Γj,0,ν)
0 and Gˇ
(Mj,0,ν)
0 are
listed in Table V. The axial isotropy subgroups of Gˇ
(Xj,0,ν)
0 are listed in Table VI.
All isotropy subgroups in Table V and VI contain S. Thus from S invariance of
Rlµ, only Rl0 are non-zero. From (3.26) the density matrix is given by
D(m) =D↑↑(m) =D↓↓(m) =
3∑
l=0
e−iQl·mRl0. (5.1)
Since the Rl0 is an Hermitian matrix, D(m) is diagonalized by a unitary matrix U
as
U †D(m)U = λ,
λ =

 λ1 0 00 λ2 0
0 0 λ3

 . (5.2)
We define
A†ms = (a
†
m1s, a
†
m2s, a
†
m3s),
α†ms = (α
†
m1s, α
†
m2s, α
†
m2s) ≡ A†msU. (5.3)
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Table III. Bases of Gˇ
(Γj,µ,ν)
0 and Gˇ
(Mj,µ,ν)
0 in WHF
R− rep Bases in WHF
Gˇ
(ΓA1g ,µ,µ)
0 h(ΓA
1
1g, µ, µ)1,n(λ),1 =
P
k
P
ss′(a
†
1ks
a
1ks′ + a
†
2ks
a
2ks′)σ
λ
ss′
h(ΓA21g, µ, µ)1,n(λ),1 =
P
k
P
ss′ a
†
3ks
a
3ks′σ
λ
ss′
Gˇ
(ΓA2g ,µ,1−µ)
0 h(ΓA2g, µ, 1− µ)1,n(λ),1 =
P
k
P
ss′(ia
†
1ks
a
2ks′ − ia†2ksa1ks′)σ
λ
ss′
Gˇ
(ΓB1g ,µ,µ)
0 h(ΓB1g, µ, µ)1,n(λ),1 =
P
k
P
ss′(a
†
1ks
a
1ks′ − a†2ksa2ks′)σ
λ
ss′
Gˇ
(ΓB2g ,µ,µ)
0 h(ΓB2g, µ, µ)1,n(λ),1 =
P
k
P
ss′(a
†
1ks
a
2ks′ + a
†
2ks
a
1ks′)σ
λ
ss′
Gˇ
(ΓEg ,µ,µ)
0
(
h(ΓEg, µ, µ)1,n(λ),1 =
P
k
P
ss′(a
†
2ks
a
3ks′ + a
†
3ks
a
2ks′)σ
λ
ss′
h(ΓEg, µ, µ)2,n(λ),1 =
P
k
P
ss′(a
†
1ks
a
3ks′ + a
†
3ks
a
1ks′)σ
λ
ss′
Gˇ
(ΓEg,µ,1−µ)
0
(
h(ΓEg, µ, 1− µ)1,n(λ),1 =
P
k
P
ss′ i(a
†
2ks
a
3ks′ − a†3ksa2ks′)σ
λ
ss′
h(ΓEg, µ, 1− µ)2,n(λ),1 =
P
k
P
s′ i(a
†
1ks
a
3ks′ − a†3ksa1ks′)σ
λ
ss′
Gˇ
(MA1g ,µ,µ)
0 h(MA
1
1g , µ, µ)1,n(λ),1 =
P
k
P
ss′(a
†
1(k+Q
1
s)
a
1ks′ + a
†
2(k+Q
1
s)
a
2ks′)σ
λ
ss′
h(MA21g , µ, µ)1,n(λ),1 =
P
k
P
ss′ a
†
3(k+Q
1
s)
a
3ks′σ
λ
ss′
Gˇ
(MA2g ,µ,1−µ)
0 h(MA2g , µ, 1− µ)1,n(λ),1 =
P
k
P
ss′ i(a
†
1(k+Q
1
s)
a
2ks′ − a†2(k+Q
1
s)
a
1ks′)σ
λ
ss′
Gˇ
(MB1g ,µ,µ)
0 h(MB1g , µ, µ)1,n(λ),1 =
P
k
P
ss′(a
†
1(k+Q
1
s)
a
1ks′ − a†2(k+Q
1
s)
a
2ks′)σ
λ
ss′
Gˇ
(MB2g ,µ,µ)
0 h(MB2g , µ, µ)1,n(λ),1 =
P
k
P
ss′(a
†
1(k+Q
1
s)
a
2ks′ + a
†
2(k+Q
1
s)
a
1ks′)σ
λ
ss′
Gˇ
(MEg ,µ,µ)
0
(
h(MEg, µ, µ)1,n(λ),1 =
P
k
P
ss′(a
†
2(k+Q
1
s)
a
3ks′ + a
†
3(k+Q
1
s)
a
2ks′)σ
λ
ss′
h(MEg, µ, µ)2,n(λ),1 =
P
k
P
ss′(a
†
1(k+Q
1
s)
a
3ks′ + a
†
3(k+Q
1
s)
a
1ks′)σ
λ
ss′
Gˇ
(MEg,µ,1−µ)
0
(
h(MEg, µ, 1− µ)1,n(λ),1 =
P
k
P
ss′ i(a
†
2(k+Q
1
s)
a
3ks′ − a†3(k+Q
1
s)
a
2ks′)σ
λ
ss′
h(MEg, µ, 1− µ)2,n(λ),1 =
P
k
P
ss′ i(a
†
1(k+Q
1
s)
a
3ks′ − a†3(k+Q
1
)
a
1ks′)σ
λ
ss′
λ = 0 for µ = 0, and λ = 1, 2, 3 for µ = 1.
n(λ) = 1 for λ = 0, and n(λ) = λ for λ = 1, 2, 3.
These mean
α
†
mjs =
3∑
j′=1
a
†
mj′sUj′j,
αmis =
3∑
i′=1
amj′sU
∗
j′j . (5.4)
Thus we obtain
〈α†mjsαmis〉 = U †ii′〈a†mj′sami′s〉Uj′j = (U †DU)ij
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Table IV. Bases of Gˇ
(Xγ,µ,ν)
0 in WHF
R − rep bases in WHF
Gˇ
(XAg,µ,µ)
0
8><
>:
h(XA1g, µ, µ)1,n(λ),1 =
P
k
P
ss′ a
†
1(k+Q
2
)s
a
1ks′σ
λ
ss′
h(XA1g, µ, µ)2,n(λ),1 =
P
k
P
ss′ a
†
2(k+Q
3
)s
a
2ks′σ
λ
ss′8><
>:
h(XA2g, µ, µ)1,n(λ),1 =
P
k
P
ss′ a
†
2(k+Q
2
)s
a
2ks′σ
λ
ss′
h(XA2g, µ, µ)2,n(λ),1 =
P
k
P
ss′ a
†
1(k+Q
3
)s
a
1ks′σ
λ
ss′8><
>:
h(XA3g, µ, µ)1,n(λ),1 =
P
k
P
ss′ a
†
3(k+Q
2
)s
a
3ks′σ
λ
ss′
h(XA3g, µ, µ)2,n(λ),1 =
P
k
P
ss′ a
†
3(k+Q
3
)s
a
3ks′σ
λ
ss′
Gˇ
(XB1g ,µ,µ)
0
8><
>:
h(XB1g , µ, µ)1,n(λ),1 =
P
k
P
ss′
`
a
†
1(k+Q
2
)s
a
2ks′ + a
†
2(k+Q
2
)s
a
1ks′
´
σλss′
h(XB1g , µ, µ)2,n(λ),1 =
P
k
P
ss′
`
a
†
2(k+Q
3
)s
a
1ks′ + a
†
1(k+Q
3
)s
a
2ks′
´
σλss′
Gˇ
(XB1g ,µ,1−µ)
0
8><
>:
h(XB1g, µ, 1− µ)1,n(λ),1 =
P
k
P
ss′ i
`
a
†
1(k+Q
2
)s
a
2ks′ − a†2(k+Q
2
)s
a
1ks′
´
σλss′
h(XB1g, µ, 1− µ)2,n(λ),1 =
P
k
P
ss′ i
`
a
†
2(k+Q
3
)s
a
1ks′ − a†1(k+Q
3
)s
a
2ks′
´
σλss′
Gˇ
(XB2g ,µ,µ)
0
8><
>:
h(XB2g, µ, µ)1,n(λ),1 =
P
k
P
ss′
`
a
†
1(k+Q
2
)s
a
3ks′ + a
†
3(k+Q
2
)s
a
1ks′
´
σλss′
h(XB2g, µ, µ)2,n(λ),1 = −
P
k
P
ss′
`
a
†
2(k+Q
3
)s
a
3ks′ + a
†
3(k+Q
3
)s
a
2ks′
´
σλss′
Gˇ
(XB2g ,µ,1−µ)
0
8><
>:
h(XB2g, µ, 1− µ)1,n(λ),1 =
P
k
P
ss′ i
`
a
†
1(k+Q
2
)s
a
3ks′ − a†3(k+Q
2
)s
a
1ks
´
σλss′
h(XB2g, µ, 1− µ)2,n(λ),1 = −
P
k
P
ss′ i
`
a
†
2(k+Q
3
)s
a
3ks′ − a†3(k+Q
3
)s
a
2ks′
´
σλss′
Gˇ
(XB3g ,mu,µ)
0
8><
>:
h(XB3g, µ, µ)1,n(λ),1 =
P
k
P
ss′
`
a
†
2(k+Q
2
)s
a
3ks + a
†
3(k+Q
2
)s
a
2ks′
´
σλss′
h(XB3g, µ, µ)2,n(λ),1 = −
P
k
P
ss′
`
a
†
1(k+Q
3
)s
a
3ks′ + a
†
3(k+Q
3
s
a
1ks′
´
σλss′
Gˇ
(XB3g ,µ,1−µ)
0
8><
>:
h(XB3g, µ, 1− µ)1,n(λ),1 =
P
k
P
ss′ i
`
a
†
2(k+Q
2
)s
a
3ks′ − a†3(k+Q
2
)s
a
2ks′
´
σλss′
h(XB3g, µ, 1− µ)2,n(λ),1 = −
P
k
P
ss′ i
`
a
†
1(k+Q
3
)s
a
3ks′ − a†3(k+Q
3
s
a
1ks′
´
σλss′
λ = 0 for µ = 0, and λ = 1, 2, 3 for µ = 1
n(λ) = 1 for λ = 0, and n(λ) = λ for λ = 1, 2, 3.
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Table V. Axial isotropy subgroup and its Fixed point subspace of Gˇ
(Γj,0,ν)
0 and Gˇ
(Mj,0,ν)
0
R-rep axial isotropy subgroup Fixed point subspace
Gˇ
(ΓA1g ,0,0)
0 G(ΓA1g, 0, 0) = D4hL0SR {h1,1,1}R
Gˇ
(ΓA2g ,0,1)
0 G(ΓA2g, 0, 1) =MxC4hL0S {h1,1,1}R
Gˇ
(ΓB1g ,0,0)
0 G(ΓB1g, 0, 0) = D2hL0SR {h1,1,1}R
Gˇ
(ΓB2g ,0,0)
0 G(ΓB2g, 0, 0) = D2ahL0SR {h1,1,1}R
Gˇ
(ΓEg ,0,0)
0 G(ΓEg, 0, 0)1 = C2xhL0SR {h1,1,1}R
G(ΓEg, 0, 0)2 = C2ahL0SR {h1,1,1 − h2,1,1}R
Gˇ
(ΓEg ,0,1)
0 G(ΓEg, 0, 1)1 =MzC2xhL0S {h1,1,1}R
G(ΓEg, 0, 1)2 =MzC2ahL0SR {h1,1,1 − h2,1,1}R
Gˇ
(MA1g ,0,0)
0 G(MA1g, 0, 0) = D4hL1SR {h1,1,1}R
Gˇ
(MA2g ,0,1)
0 G(MA2g, 0, 1) =MxTx(e1)C4hL1S {h1,1,1}R
Gˇ
(MB1g ,0,0)
0 G(MB1g , 0, 0) = Ta(e1)D2hL1SR {h1,1,1}R
Gˇ
(MB2g ,0,0)
0 G(MB2g , 0, 0) = Tx(e1)D2ahL1SR {h1,1,1}R
Gˇ
(MEg ,0,0)
0 G(MEg, 0, 0)1 = Tz(e1)C2xhL1SR {h1,1,1}R
G(MEg, 0, 0)2 = Tz(e1)C2ahL1SR {h1,1,1 − h2,1,1}R
Gˇ
(MEg ,0,1)
0 G(MEg, 0, 1)1 =MzTz(e1)C2xhL1S {h1,1,1}R
G(MEg, 0, 1)2 =MzTz(e1)C2ahL1S {h1,1,1 − h2,1,1}R
L1 = L(e1 + e2, e2 − e1)
Ti(e1) = {E,C2iT (e1)}
D2ah = {E,C2z, C2a, C2b, I, IC2z, IC2a, IC2b}
C2xh = {E,C2x, I, IC2x}
C2ah = {E,C2a, I, IC2a}
Mi = {E, tC2i}
= (λ)ij = δijλi. (5.5)
These represent that the occupation numbers of electron for three atomic orbitals
(ψ1, ψ2, ψ3) are λ1, λ2, λ3, where
ψ1 = φ1U11 + φ2U21 + φ3U31,
ψ2 = φ1U12 + φ2U22 + φ3U32,
ψ3 = φ1U13 + φ2U23 + φ3U33. (5.6)
We give three examples to show how each axial isotropy subgroup determines the
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Table VI. Axial isotropy subgroup and its fixed point subspace of Gˇ
(Xγ,0,ν)
0
R-rep axial isotropy subgroup fixed point subspace
Gˇ
(XAg,0,0)
0 G(XAg, 0, 0)1 = D2hL2SR {h1,1,1}R
G(XAg, 0, 0)2 = D4hL3SR {h1,1,1 + h2,1,1}R
Gˇ
(XB1g ,0,0)
0 G(XB1g , 0, 0)1 = Tx(e1)C2zhL2SR {h1,1,1}R
G(XB1g , 0, 0)2 = Tx(e1 + e2)D2ahL3SR {h1,1,1 + h2,1,1}R
Gˇ
(XB1g ,0,1)
0 G(XB1g , 0, 1)1 =MyTx(e1)C2zhL2S {h1,1,1}R
G(XB1g , 0, 1)2 =MyTx(e1 + e2)D2ahL3S {h1,1,1 + h2,1,1}R
Gˇ
(XB2g ,0,0)
0 G(XB2g , 0, 0)1 = Tx(e1)C2yhL2SR {h1,1,1}R
G(XB2g , 0, 0)2 = Tx(e1)Ty(e2)C2ahL3SR {h1,1,1 + h2,1,1}R
Gˇ
(XB2g ,0,1)
0 G(XB2g , 0, 1)1 =MzTx(e1)C2yhL2S {h1,1,1}R
G(XB2g , 0, 1)2 =MzTx(e1)Ty(e2)C2ahL3S {h1,1,1 + h2,1,1}R
Gˇ
(XB3g ,0,0)
0 G(XB3g , 0, 0)1 = Ty(e1)C2xhL2SR {h1,1,1}R
G(XB3g , 0, 0)2 = Tx(e2)Ty((e1)C2ahL3SR {h1,1,1 + h2,1,1}R
Gˇ
(XB3g ,0,1)
0 G(XB3g , 0, 1)1 =MzTy(e1)C2xhL2S {h1,1,1}R
G(XB3g , 0, 1)2 =MzTx(e2)Ty(e1)C2ahL3S {h1,1,1 + h2,1,1}R
L2 = L(2e1, e2), L3 = L(2e1, 2e2)
Ti(e1 + e2) =
˘
E,C2iT (e1 + e2)
¯
, i = z, x, y, a, b
Ti(em) =
˘
E,C2iT (e1)
¯
, i = z, x, y, a, b, m = 1, 2
Mi =
˘
E, tC2i
¯
, i = z, x, y, a, b
D2ah =
˘
E,C2z, C2a, C2b, I, IC2z, IC2a, IC2b
¯
C2xh =
˘
E,C2x, I, IC2x
¯
C2ah =
˘
E,C2a, I, IC2a
¯
canonical form of the HF Hamiltonian Hm, occupied orbitals and their occupation
numbers, and the type of the LOP of the state.
Example 5.1. G(ΓA1g, 0, 0) state.
In this case the isotropy subgroup G(Hm) of Hm is
G(ΓA1g, 0, 0) =D4hL0SR. (5.7)
From T (e1) and T (e2) ∈ L0 invariance of Rl0, we see that only R00 is non-zero.
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R00 is invariant under C2z, C2x, C2a ∈D4h and t ∈ R. Thus using (3.19) we have
C2z ·R00 =

 R0011 R0012 −R0013R0021 R0022 −R0023
−R0031 −R0032 R0033

 = R00,
C2x ·R00 =

 R0011 −R0012 −R0013−R0021 R0022 R0023
−R0031 R0032 R0033

 = R00,
C2a ·R00 =

 R0022 R0021 −R0023R0012 R0011 −R0013
−R0032 −R0031 R0033

 = R00,
t ·R00 = (R00)∗ = R00. (5.8)
Thus we obtain
R00 =

 a 0 00 a 0
0 0 b

 , (5.9)
where a and b are real numbers. From (3.7) and SCF condition (3.8) we obtain
x0011 = N(W1111R
00
11 +W1212R
00
22 +W1313R
00
33)
= (U + 2U ′ − J)a+ (2U ′ − J)b ≡ α,
x0022 = N(W2121R
00
11 +W2222R
00
22 +W2323R
00
33)
= (U + 2U ′ − J)a+ (2U ′ − J)b ≡ α,
x0033 = N(W3131R
00
11 +W3232R
00
22 +W3333R
00
33)
= 2(2U ′ − J)a+ Ub ≡ β. (5.10)
Thus we obtain HF Hamiltonian Hm as follows:
Hm = HK +
∑
k
∑
s
{α(a†1ksa1ks + a†2ksa2ks) + βa†3ksa3ks}
= HK + αh(ΓA
1
1g, 0, 0)1,1,1 + βh(ΓA
2
1g, 0, 0)1,1,1. (5.11)
Here the bases h(ΓAj1g, 0, 0)1,1,1(j = 1, 2) are given in Table III. This state corre-
sponds to the normal paramagnetic state.
Now we consider M point non magnetic states. All isotropy subgroups of M
point non magnetic states contain L1 = L(e1 + e2,e2 − e1) and S. Thus from S
and L1 invariance of R
lλ, only R00 and R10 are non-zero. From (3.26), for m such
that T (m) ∈ L1, we have
D(m) =D↑↑(m) =D↓↓(m) = R00 +R10,
D(m+ ei) =D
↑↑(m+ ei) =D↓↓(m+ ei) = R00 −R10, (5.12)
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where i = 1, 2. Thus diagonalizing D(m) and D(m + ei), we obtain occupied
atomic orbitals and their occupation numbers at sites m and m+ ei. We consider
the G(MB2g, 0, 0) state.
Example 5.2. G(MB2g, 0, 0) state.
Since
G(MB2g , 0, 0) = Tx(e1)D2ahL1SR, (5.13)
R00 and R10 are invariant under C2z, C2a ∈D2ah and t ∈ R. Thus using (3.19) we
have for l = 0, 1
C2z ·Rl0 =

 Rl011 Rl012 −Rl013Rl021 Rl022 −Rl023
−Rl031 −Rl032 Rl033

 = Rl0,
C2a ·Rl0 =

 Rl022 Rl021 −Rl023Rl012 Rl011 −Rl013
−Rl032 −Rl031 Rl033

 = Rl0,
t ·Rl0 = (Rl0)∗ = Rl0. (5.14)
Then Rl0 have forms
Rl0 =

 Rl011 Rl012 0Rl012 Rl011 0
0 0 Rl033

 . (5.15)
From C2xT (e1) invariance, we obtain
C2xT (e1) ·R00 =

 R0011 −R0012 0−R0021 R0011 0
0 0 R0033

 = R00,
C2xT (e1) ·R10 =

 −R1011 R1012 0R1021 −R1022 0
0 0 −R1033

 = R10. (5.16)
Thus we obtain
R00 =

 a 0 00 a 0
0 0 b

 , R10 =

 0 c 0c 0 0
0 0 0

 , (5.17)
where a, b and c are real numbers. From (3.7) and SCF condition (3.8) we obtain
x0011 = N(W1111R
00
11 +W1212R
00
22 +W1313R
00
33)
= (U + 2U ′ − J)a+ (2U ′ − J)b ≡ α,
x0022 = N(W2121R
00
11 +W2222R
00
22 +W2323R
00
33)
= (U + 2U ′ − J)a+ (2U ′ − J)b ≡ α,
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x0033 = N(W3131R
00
11 +W3232R
00
22 +W3333R
00
33)
= 2(2U ′ − J)a+ Ub ≡ β,
x1012 = N(W1122R
10
21 +W1221R
10
12)
= (J ′ + 2J − U ′)c ≡ γ,
x1021 = N(W2211R
10
12 +W2112R
10
21)
= (J ′ + 2J − U ′)c ≡ γ. (5.18)
Thus we obtain the HF Hamiltonian Hm as
Hm = HK +
∑
k
∑
s
{α(a†1ksa1ks + a†2ksa2ks) + βa†3ksa3ks
+ γ(a†1(k+Q1)sa2ks + a
†
2(k+Q1)s
a1ks)}
= HK + αh(ΓA
1
1g, 0, 0)1,1,1 + βh(ΓA
2
1g, 0, 0)1,1,1 + γh(MB2g , 0, 0)1,1,1. (5.19)
The fourth term of (5.19) is the primary part which leads to the transition to the
G(MB2g, 0, 0) state. From (3.12) we obtain the HF energy EHF as
EHF = 〈HK〉′
+N{2(U + 2U ′ − J)a2 + Ub2 + 4(2U ′ − J)ab+ 2(2J + J ′ − U ′)c2}. (5.20)
For m such that T (m) ∈ L1 we obtain
D(m) = R00 +R10 =

 a c 0c a 0
0 0 b

 ,
D(m+ ej) = R
00 −R10 =

 a −c 0−c a 0
0 0 b

 (j = 1, 2). (5.21)
Diagonalization of D(m) and D(m+ ej) are written as
U †D(m)U =

 a+ c 0 00 a− c 0
0 0 b

 ,
U †D(m+ ej)U =

 a− c 0 00 a+ c 0
0 0 b

 , (5.22)
where
U =


1√
2
1√
2
0
1√
2
− 1√
2
0
0 0 1

 . (5.23)
From (5.6) we obtain the occupied atomic orbitals and their occupation numbers for
G(MB2g, 0, 0) state as shown in Table VII,
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Table VII. Occupied atomic orbitals and their occupation numbers for G(MB2g , 0, 0) state
site spin atomic orbital occupation number
m ↑↓ ψ1 = 1√2 (φ1 + φ2) a+ c
m ↑↓ ψ2 = 1√2 (φ1 − φ2) a− c
m ↑↓ ψ3 = φ3 b
m + ej ↑↓ ψ1 = 1√2 (φ1 + φ2) a− c
m + ej ↑↓ ψ2 = 1√2 (φ1 − φ2) a+ c
m + ej ↑↓ ψ3 = φ3 b
m : T (m) ∈ L1, j = 1, 2, a = R0011 = R0022, b = R0033, c = R0012 = R0021
y
x
Fig. 1. Orbital ordering by upslope = ψ1 =
1√
2
(φ1 + φ2), and  = ψ2 =
1√
2
(φ1 − φ2), which have the
occupation number a+ c in the G(MB2g , 0, 0) state.
In Fig.1 we show the pattern of orbital order by 1√
2
(φ1 + φ2) and
1√
2
(φ1 −
φ2) with the occupation number a + c. Note that this pattern has symmetries of
C2a, C2b, C2z, C2xT (e1) and C2xT (e2) ∈ G(MB2g0, 0). From (3.43) we see that this
state has alternating quadrupole moments, for m such that T (m) ∈ L1, as follows
Q12(m) = 4I2c, Q12(m+ ej) = −4I2c, j = 1, 2. (5.24)
Finally we consider X point non magnetic state. As shown in Table VI, in cases
of G(Xγ, 0, ν)1, isotropy subgroups contain L2 = L(2e1,e2) and S. Thus from
L2 = L(2e1,e2) and S invariance of R
lλ, only Rl0 (l = 0, 2) are non-zero. From
(3.26), for m such that T (m) ∈ L2, we have
D(m) =D↑↑(m) =D↓↓(m) = R00 +R20,
D(m+ e1) =D
↑↑(m+ e1) =D↓↓(m+ e1) = R00 −R20. (5.25)
In the cases of G(Xγ, 0, ν)2, isotropy subgroups contain L3 = L(2e1, 2e2) and S.
Thus from L3 = L(2e1, 2e2) and S invariance of R
lλ, only Rl0 (l = 0, 1, 2, 3) are
non-zero. From (3.26), for m such that T (m) ∈ L2, we have
D(m) = D↑↑(m) =D↓↓(m) = R00 +R10 +R20 +R30,
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D(m+ e1) = D
↑↑(m+ e1) = D
↓↓(m+ e1) = R
00 −R10 −R20 +R30,
D(m+ e2) = D
↑↑(m+ e2) = D
↓↓(m+ e2) = R
00 −R10 +R20 −R30,
D(m+ e1 + e2) = D
↑↑(m+ e1 + e2) = D
↓↓(m+ e1 + e2)
= R00 +R10 −R20 −R30. (5.26)
We consider the G(XB3g , 0, 1)2 state which breaks time reversal symmetry as an
example.
Example 5.3. G(XB3, 0, 1)2 state.
Since
G(XB3g, 0, 1)2 =MzTx(e2)Ty(e1)C2ahL3S, (5.27)
Rl0 (l = 0, 1, 2, 3) are invariant under C2a, C2xT (e2), C2yT (e1), tC2z. Thus we obtain
R00 =

 a 0 00 a 0
0 0 b

 , R10 =

 0 c 0c 0 0
0 0 0

 ,
R20 =

 0 0 00 0 id
0 −id 0

 , R30 =

 0 0 −id0 0 0
id 0 0

 , (5.28)
where a, b, c and d are real numbers. Using (3.8) we obtain Hm as
Hm = HK +
∑
k
∑
s
{α(a†1ksa1ks + a†2ksa2ks) + βa†3ksa3ks
+ γ(a†1(k+Q1)sa2ks + a
†
2(k+Q1)s
a1ks)
iδ(a†2(k+Q2)sa3ks − a
†
3(k+Q2)s
a2ks
− a†1(k+Q3)sa3ks + a
†
3(k+Q3)s
a1ks)}
= HK + αh(ΓA
1
1g, 0, 0)1,0,1 + βh(ΓA
2
1g, 0, 0)1,0,1 + γh(MB2g , 0, 0)1,0,1
δ{h(XB3g , 0, 1)1,0,1 + h(XB3g, 0, 1)2,0,1}, (5.29)
where α, β, δ and γ are determined by SCF conditions
α = (U + 2U ′ − J)a+ (2U ′ − J)b,
β = 2(2U ′ − J)a+ Ub,
γ = (2J + J ′ − U ′)c,
δ = (2J − J ′ − U ′)d. (5.30)
The fifth term of (5.29) is the primary part which leads to the transition to the
G(XB3g , 0, 1)2 state. The fourth term of (5.29) is the secondary part induced by
the transition.
The HF energy is written as
EHF = 〈HK〉′ + N
2
{2(U + 2U ′ − J)a2 + Ub2 + 4(2U ′ − J)ab}
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+
N
2
{2(2J + J ′ − U ′)c2 + 4(2J − U ′ − J ′)d2}. (5.31)
From (5.26) we obtain, for m such that T (m) ∈ L3,
D(m) =

 a c −idc a id
id −id b

 , D(m+ e2) =

 a −c id−c a id
−id −id b

 ,
D(m+ e1) =

 a −c −id−c a −id
id id b

 , D(m+ e1 + e2) =

 a c idc a −id
−id id b

 . (5.32)
Diagonalizing D(m),D(m+e1),D(m+e2),D(m+e1+e2), we obtain occupied
Table VIII. Occupied atomic orbitals and their occupation numbers for G(XB3g , 0, 1)2 state
site spin atomic orbital occupation number
m ↑↓ ψ1 = 1√2 sgn(d)uφ1 − 1√2 sgn(d)uφ2 + iwφ3 λ1
m ↑↓ ψ2 = − 1√2 sgn(d)wφ1 + 1√2 sgn(d)wφ2 + iuφ3 λ2
m ↑↓ ψ3 = 1√
2
(φ1 + φ2) λ3
m + e1 ↑↓ ψ1 = − 1√
2
sgn(d)uφ1 − 1√
2
sgn(d)uφ2 − iwφ3 λ1
m + e1 ↑↓ ψ2 = − 1√2 sgn(d)wφ1 − 1√2 sgn(d)wφ2 + iuφ3 λ2
m + e1 ↑↓ ψ3 = 1√2 (φ1 − φ2) λ3
m + e2 ↑↓ ψ1 = 1√2 sgn(d)uφ1 + 1√2 sgn(d)uφ2 − iwφ3 λ1
m + e2 ↑↓ ψ2 = 1√
2
sgn(d)wφ1 +
1√
2
sgn(d)wφ2 + iuφ3 λ2
m + e2 ↑↓ ψ3 = 1√2 (φ1 − φ2) λ3
m + e1 + e2 ↑↓ ψ1 = − 1√2 sgn(d)uφ1 + 1√2 sgn(d)uφ2 + iwφ3 λ1
m + e1 + e2 ↑↓ ψ2 = 1√2 sgn(d)wφ1 − 1√2 sgn(d)wφ2 + iuφ3 λ2
m + e1 + e2 ↑↓ ψ3 = 1√
2
(φ1 + φ2) λ3
T (m) ∈ L3 = (2e1, 2e2)
a = R0011 = R
00
22, b = R
00
33, c = R
10
12 = R
10
21, id = R
20
23 = −R2032 = −R3013 = R3031
u = 1√
2
(1 + a−b−c√
(a−b−c)2+8d2
)
1
2 , w = 1√
2
(1− a−b−c√
(a−b−c)2+8d2
)
1
2
λ1 =
a+b−c+
√
(a−b−c)2+8d2
2
, λ2 =
a+b−c−
√
(a−b−c)2+8d2
2
, λ3 = a+ c
atomic orbitals and their occupation numbers at the sites m,m+ e1,m+ e2,m+
e1 + e2 for the G(XB3g, 0, 1)2 state as shown in Table VIII. Note that occupied
atomic orbitals have complex coefficients.
From (3.43), we see that this state has the following orbital angular momen-
tum(the primary LOP) and quadrupole moment(the secondary LOP). For m such
that T (m) ∈ L3, we obtain
l1(m) = 4d, l2(m) = 4d,
l1(m+ e1) = −4d, l2(m+ e1) = 4d,
l1(m+ e2) = 4d, l2(m+ e2) = −4d,
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0
+
e1
e1e2 e2
Fig. 2. The ordering pattern for quadrupole moments: Q12 and orbital angular momenta:
l = (l1, l2) in the G(XB3g0, 1)2 state. The ovals and arrows represent Q12 and orbital an-
gular momentum l, respectively.
l1(m+ e1 + e2) = −4d, l2(m+ e1 + e2) = −4d
Q12(m) = 4I2c, Q12(m+ e1) = −4I2c,
Q12(m+ e2) = −4I2c, Q12(m+ e1 + e2) = 4I2c (5.33)
The ordering pattern of Q12 and l = (l1, l2) for the G(XB3g, 0, 1)3 state is shown in
Fig. 2. Note that the onset of quadrupole moment Q12 is induced by the transition
to the G(XB3g, 0, 1)2 with the orbital angular momentum.
By a similar manner to the case of G(XB3g, 0, 1)2, we can see that all states
having isotropy subgroups such as G(Λ, 0, 1) or G(Λ, 0, 1)j (j = 1, 2), which break
the time reversal symmetry, have complex occupied orbitals and orbital angular
momentum as LOP.
§6. Symmetry classes of magnetic orbital ordered states
In order to list magnetic orbital ordered states with ordering vectors Ql (l =
0, 1, 2, 3), bifurcating from the normal state, we present the axial isotropy subgroups
of the R-reps Gˇ
(Γj,1,ν)
0 , Gˇ
(Mj,1,ν)
0 and Gˇ
(Xγ,1,ν)
0 . The axial isotropy subgroups of R-
reps Gˇ
(Γj,1,ν)
0 and Gˇ
(Mj,1,ν)
0 are listed in Table IX. Those of Gˇ
(Xj,1,ν)
0 are listed in
Table X.
Spin magnetic states are classified into two groups: collinear and non-collinear
magnetic states. The collinear magnetic state has the isotropy subgroup containing
the subgroup A(e3): the spin rotation around z axis. The isotropy subgroup of the
non-collinear magnetic state does not contain A(e3).
Non-collinear magnetic states are derived from the R-reps: G
(ΛEg ,1,1)
0 , G
(ΛEg,1,0)
0 ,
G
(XA1g ,1,1)
0 , G
(XBjg ,1,1)
0 and G
(XBjg ,1,0)
0 where Λ = Γ,M and j = 1, 2, 3. The corre-
sponding non-collinear magnetic states are G(ΓEg, 1, 1)3, G(ΓEg, 1, 0)3,
G(MEg, 1, 1)3, G(MEg, 1, 0)3, G(XAg , 1, 1)3, G(XBig , 1, 1)3 and G(XBig, 1, 0)3 (i =
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Table IX. Axial isotropy subgroup and its Fixed point subspace of Gˇ
(Γj,1,ν)
0 and Gˇ
(Mj,1,ν)
0
R-rep axial isotropy subgroup Fixed point subspace
Gˇ
(ΓA1g ,1,1)
0 G(ΓA1g, 1, 1) =M(e2)D4hL0A(e3) {h1,1,1}R
Gˇ
(ΓA2g ,1,0)
0 G(ΓA2g, 1, 0) = D4h(E, u2x)L0A(e3)R {h1,3,1}R
Gˇ
(ΓB1g ,1,1)
0 G(ΓB1g, 1, 1) =M(e2)D4h(u2x, E)L0A(e3) {h1,3,1}R
Gˇ
(ΓB2g ,1,1)
0 G(ΓB2g, 1, 1) =M(e2)D4h(u2x, u2x)L0A(e3) {h1,3,1}R
Gˇ
(ΓEg ,1,1)
0 G(ΓEg, 1, 1)1 =M(e2)D2h(u2x, E)L0A(e3) {h1,3,1}R
G(ΓEg, 1, 1)2 =M(e2)D2ah(u2x, E)L0A(e3) {h1,3,1 + h2,3,1}R
G(ΓEg, 1, 1)3 =M(e3)D4h(u
+
4z, u2x)L0 {h1,1,1 + h2,2,1}R
Gˇ
(ΓEg ,1,0)
0 G(ΓEg, 1, 0)1 = D2h(u2x, E)L0A(e3)R {h1,3,1}R
G(ΓEg, 1, 0)2 = D2ah(u2x, E)L0A(e3)R {h1,3,1 + h2,3,1}R
G(ΓEg, 1, 0)3 = D4h(u
+
4z, u2x)L0R {h1,3,1 + h2,2,1}R
Gˇ
(MA1g ,1,1)
0 G(MA1g, 1, 1) =M(e2)T
x(e1)D4hL1A(e3) {h1,1,1}R
Gˇ
(MA2g ,1,0)
0 G(MA2g, 1, 0) = Tx(e1)T
x(e1)D4h(E, u2x)L1A(e3)R {h1,3,1}R
Gˇ
(MB1g ,1,1)
0 G(MB1g , 1, 1) =M(e2)T
x(e1)Ta(e1)D4h(u2x, E)L1A(e3) {h1,3,1}R
Gˇ
(MB2g ,1,1)
0 G(MB2g , 1, 1) =M(e2)T
x(e1)Tx(e1)D4h(u2x, u2x)L1A(e3) {h1,3,1}R
Gˇ
(MEg ,1,1)
0 G(MEg, 1, 1)1 =M(e2)T
x(e1)Ty(e1)D2h(u2x, E)L1A(e3) {h1,3,1}R
G(MEg, 1, 1)2 =M(e2)T
x(e1)Tb(e1)D2ah(u2x, E)L1A(e3) {h1,3,1 + h2,3,1}R
G(MEg, 1, 1)3 =M(e3)Tz(e1)D4h(u
+
4z , u2x)L1 {h1,1,1 + h2,2,1}R
Gˇ
(MEg ,1,0)
0 G(MEg, 1, 0)1 = T
x(e1)Ty(e1)D2h(u2x, E)L1A(e3)R {h1,3,1}R
G(MEg, 1, 0)2 = T
x(e1)Ty(e1)D2ah(u2x, E)L1A(e3)R {h1,3,1 + h2,3,1}R
G(MEg, 1, 0)3 = T
z(e1)Tz(e1)D4h(u
+
4z , u2x)L1R {h1,3,1 + h2,2,1}R
L0 = L(e1, e2), L1 = L(e1 + e2, e2 − e1)
u2i = u(ei, pi) ∈ S, M(ei) = {E, tu2i}
A(ei) = {u(e3, θ) | 0 ≤ θ ≤ 2pi}
D4h(α, β) = {(E,C+4zα,C2zα2, C−4zα−) +C2xβ(E,C+4zα,C2zα2, C−4zα−)} ×CI
D2h(α, β) = {(E,C2zα) + C2xβ(E,C2zα)} ×CI
D2ah(α, β) = {(E,C2zα) +C2aβ(E,C2zα)} ×CI
T i(em) = {E, u2iT (em)}
Ti(em) = {E,C2iT (em)}
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Table X. Axial isotropy subgroup and its Fixed point subspace of Gˇ
(Xj,1,ν)
0
R-rep axial isotropy subgroup Fixed point subspace
Gˇ
(XA1g ,1,1)
0 G(XA1g , 1, 1)1 =M(e2)T
x(e1)D2hL2A(e3) {h1,3,1}R
G(XA1g , 1, 1)2 =M(e2)T
x(e1 + e2)D4hL3A(e3) {h1,3,1 + h2,3,1}R
G(XA1g , 1, 1)3 =M(e3)T
x(e2)T
y(e1)D4h(u2a, E)L3 {h1,1,1 + h2,2,1}R
Gˇ
(XB1g ,1,1)
0 G(XB1g , 1, 1)1 =M(e2)T
x(e1)D2h(E,u2x)L2A(e3) {h1,3,1}R
G(XB1g , 1, 1)2 =M(e2)T
x(e1 + e2)D4h(u2x, u2x)L3A(e3) {h1,3,1 + h2,3,1}R
G(XB1g , 1, 1)3 =M(e3)T
x(e2)T
y(e1)D4h(u2b, u2x)L3 {h1,1,1 + h2,2,1}R
Gˇ
(XB2g ,1,1)
0 G(XB2g , 1, 1)1 =M(e2)T
x(e1)D2h(u2x, u2x)L2A(e3) {h1,3,1}R
G(XB2g , 1, 1)2 =M(e2)Tx(e1)Ty(e2)D2ah(u2x, E)L3A(e3) {h1,3,1 + h2,3,1}R
G(XB2g , 1, 1)3 =M(e3)Tx(e1)Ty(e2)D4h(u
+
4z, u2x)L3 {h1,1,1 + h2,2,1}R
Gˇ
(XB3g ,1,1)
0 G(XB3g , 1, 1)1 =M(e2)Ty(e1)D2h(u2x, E)L2A(e3) {h1,3,1}R
G(XB3g , 1, 1)2 =M(e2)Tx(e2)Ty(e1)D2ah(u2x, E)L3A(e3) {h1,3,1 + h2,3,1}R
G(XB3g , 1, 1)3 =M(e3)Tx(e2)Ty(e1)D4h(u
+
4z, u2x)L3 {h1,1,1 + h2,2,1}R
Gˇ
(XB1g ,1,0)
0 G(XB1g , 1, 0)1 = T
x(e1)D2h(E, u2x)L2A(e3)R {h1,3,1}R
G(XB1g , 1, 0)2 = T
x(e1 + e2)D4h(u2x, u2x)L3A(e3)R {h1,3,1 + h2,3,1}R
G(XB1g , 1, 0)3 = T
x(e2)T
y(e1)D4h(u2b, u2x)L3R {h1,1,1 + h2,2,1}R
Gˇ
(XB2g ,1,0)
0 G(XB2g , 1, 0)1 = T
x(e1)D2h(u2x, u2x)L2A(e3)R {h1,3,1}R
G(XB2g , 1, 0)2 = Tx(e1)Ty(e2)D2ah(u2x, E)L3A(e3)R {h1,3,1 + h2,3,1}R
G(XB2g , 1, 0)3 = Tx(e1)Ty(e2)D4h(u
+
4z, u2x)L3R {h1,1,1 + h2,2,1}R
Gˇ
(XB3g ,1,0)
0 G(XB3g , 1, 0)1 = Ty(e1)D2h(u2x, E)L2A(e3)R {h1,3,1}R
G(XB3g , 1, 0)2 = Tx(e2)Ty(e1)D2ah(u2x, E)L3A(e3)R {h1,3,1 + h2,3,1}R
G(XB2g , 1, 0)3 = Tx(e2)Ty(e1)D4h(u
+
4z, u2x)L3R {h1,1,1 + h2,2,1}R
L2 = L(2e1, e2), L3 = L(2e1, 2e2)
u2i = u(ei, pi), u2a = u(e1 + e2, pi), u2b = u(−e1 + e2, pi) ∈ S
M(ei) = {E, tu2i}, T i(em) = {E, u2iT (em)}, Ti(em) = {E,C2iT (em)}
D2h(α, β) = {(E,C2zα) + C2xβ(E,C2zα)} ×CI
D2ah(α, β) = {(E,C2zα) +C2aβ(E,C2zα)} ×CI
D4h(α, β) = {(E,C+4zα,C2zα2, C−4zα−1) + C2xβ(E,C+4zα,C2zα2, C−4zα−1)} ×CI
1, 2, 3). All states in Table IX and X except these eleven states are collinear magnetic
states. We consider collinear and non-collinear magnetic states seperately.
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6.1. Collinear magnetic state
All axial isotropy subgroups of collinear magnetic states contain A(e3), then
Rl1 = Rl2 = 0 for l = 0, 1, 2, 3. Thus in these cases we obtain from (3.26)
D↑↓(m) =D↓↑(m) = 0. (6.1)
We consider two examples.
Example 6.1. G(ΓA1g, 1, 1) state.
In this case, the isotropy subgroup G(Hm) of Hm is
G(ΓA1g, 1, 1) =M(e2)D4hL0A(e3). (6.2)
From L0 invariance of R
lλ we can see that only R00 and R03 are non-zero.
From C2x, C2z , C2a(∈D4h) invariance of R00 and R03, we obtain
R00 =

 a 0 00 a 0
0 0 b

 , R03 =

 c 0 00 c 0
0 0 d

 , (6.3)
where a, b, c and d are real numbers. From (3.26) we obtain
D↑↑(m) = R00 +R03 =

 a+ c 0 00 a+ c 0
0 0 b+ d

 ,
D↓↓(m) = R00 −R03 =

 a− c 0 00 a− c 0
0 0 b− d

 . (6.4)
In Table XI, we list the occupied atomic orbitals and their occupation numbers for
G(ΓA1g, 1, 1) state. From (3.43) the spin density at the site m is given by
Table XI. Occupied atomic orbitals and their occupation numbers for G(ΓA1g, 1, 1) state
site spin atomic orbital occupation number
m ↑ ψ1 = φ1 a+ c
m ↑ ψ2 = φ2 a+ c
m ↑ ψ3 = φ3 b+ d
m ↓ ψ1 = φ1 a− c
m ↓ ψ2 = φ2 a− c
m ↓ ψ3 = φ3 b− d
a = R0011 = R
00
22, b = R
00
33, c = R
03
11 = R
03
22, d = R
03
33
s3(m) =
3∑
j=1
R03jj = 2c+ d (6.5)
This state corresponds to the usual ferromagnetic state without orbital order.
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Next we consider M point collinear magnetic state. From L1 invariance of R
lλ,
only Rlλ(l = 1, 0, λ = 0, 3) are non-zero.
Example 6.2. G(MB1g, 1, 1) state.
In this case, the isotropy subgroup G(Hm) of Hm is
G(MB1g, 1, 1) =M(e2)T
x(e1)Ta(e1)D4h(u2x, E)L1A(e3). (6.6)
From C2x, C2z , C2aT (e1) ∈ G(MB1g, 1, 1) invariance, we can see that only R00 and
R13 are non-zero and
R00 =

 a 0 00 a 0
0 0 b

 , R13 =

 c 0 00 −c 0
0 0 0

 , (6.7)
where a, b and c are real numbers. From (3.26), we obtain form such that T (m) ∈ L1
D↑↑(m) =

 a+ c 0 00 a− c 0
0 0 b

 , D↓↓(m) =

 a− c 0 00 a+ c 0
0 0 b

 ,
D↑↑(m+ ej) =

 a− c 0 00 a+ c 0
0 0 b

 , D↓↓(m) =

 a+ c 0 00 a− c 0
0 0 b

 . (6.8)
In Table XII we list the occupied atomic orbitals and their occupation numbers for
G(MB1g, 1, 1) state. From (3.43), we see that this state has the spin quadrupole
Table XII. Occupied atomic orbitals and their occupation numbers for G(MB1g , 1, 1) state
site spin atomic orbital occupation number
m ↑ ψ1 = φ1 a+ c
m ↑ ψ2 = φ2 a− c
m ↑ ψ3 = φ3 b
m ↓ ψ1 = φ1 a− c
m ↓ ψ2 = φ2 a+ c
m ↓ ψ3 = φ3 b
m + ej ↑ ψ1 = φ1 a− c
m + ej ↑ ψ2 = φ2 a+ c
m + ej ↑ ψ3 = φ3 b
m + ej ↓ ψ1 = φ1 a+ c
m + ej ↓ ψ2 = φ2 a− c
m + ej ↓ ψ3 = φ3 b
j=1,2, a = R0011 = R
00
22, b = R
00
33, c = R
13
11 = −R1322
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moment Q232 (m), for m such that T (m) ∈ L1, as follows:
Q232 (m) = 2cI1, Q
23
2 (m+ ej) = −2cI1, j = 1, 2. (6.9)
From (3.43) we obtain
Q22(m) = I1(R
00
11 −R0022) = c− c = 0,
s3(m) = e−iQ1·m
3∑
j=1
R13jj = e
−iQ1·m(c− c) = 0. (6.10)
Thus G(MB1g, 1, 1) state, which has the spin quadrupole moment Q
23
2 , is not the
coexisting state of quadrupole moment Q22(m) and spin density s
3(m).
6.2. Non-collinear magnetic state
First we consider M point non-collinear magnetic state.
Example 6.3. G(MEg, 1, 1)3 state.
In this case, the isotropy subgroup G(Hm) of Hm is
G(MEg, 1, 1)3 =M(e3)Tz(e1)D4h(u
+
4z , u2x)L1. (6
.11)
From T (e1 + e2) ∈ L1 invariance of Rlλ, we can see that R2λ = R3λ = 0. From
tu2z ∈ M(e3) invariance, we see that Rl0,Rl1 and Rl2(l = 0, 1) are real matrices
and R03 and R13 are pure imaginary matrices. From C2zT (e1) and C2zu2z, C2xu2x,
C2au2a ∈ D4h(u+4z , u2x) invariance we can see that only R00,R03,R11 and R12 are
non-zero and have following forms.
R00 =

 a 0 00 a 0
0 0 b

 , R03 =

 0 ic 0−ic 0 0
0 0 0

 ,
R11 =

 0 0 00 0 d
0 d 0

 , R12 =

 0 0 −d0 0 0
−d 0 0

 , (6.12)
where a, b, c and d are real numbers, and i is imaginary unit. From (3.26) and
(3.29), we obtain, for m such that T (m) ∈ L1,
D(m) =


a ic 0 0 0 id
−ic a 0 0 0 d
0 0 b id d 0
0 0 −id a −ic 0
0 0 d ic a 0
−id d 0 0 0 b


,
D(m+ ej) =


a ic 0 0 0 −id
−ic a 0 0 0 −d
0 0 b −id −d 0
0 0 id a −ic 0
0 0 −d ic a 0
id −d 0 0 0 b


(j = 1, 2). (6.13)
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Diagonalizing D, we obtain occupied general spin orbitals and their occupation num-
bers as in Table XIII. From (3.43) we see that this state has following local order
Table XIII. Occupied general spin orbitals and their occupation numbers for G(MEg, 1, 1)3 state
site general spin orbital occupation number
m ψ1 =
sgn(d)√
2
u(iφ1 + φ2) |↑〉 + wφ3 |↓〉 λ1
m ψ2 =
sgn(d)√
2
u(−iφ1 + φ2) |↓〉 + wφ3 |↑〉 λ1
m ψ3 =
sgn(d)√
2
w(−iφ1 − φ2) |↑〉 + uφ3 |↓〉 λ2
m ψ4 =
sgn(d)√
2
w(iφ1 − φ2) |↓〉 + uφ3 |↑〉 λ2
m ψ5 =
1√
2
(φ1 + iφ2) |↑〉 λ3
m ψ6 =
1√
2
(φ1 − iφ2) |↓〉 λ3
m + ej ψ1 =
sgn(d)√
2
u(iφ1 + φ2) |↑〉 − wφ3 |↓〉 λ1
m + ej ψ2 =
sgn(d)√
2
u(−iφ1 + φ2) |↓〉 − wφ3 |↑〉 λ1
m + ej ψ3 =
sgn(d)√
2
w(−iφ1 − φ2) |↑〉 − uφ3 |↓〉 λ2
m + ej ψ4 =
sgn(d)√
2
w(iφ1 − φ2) |↓〉 − uφ3 |↑〉 λ2
m + ej ψ5 =
1√
2
(φ1 + iφ2) |↑〉 λ3
m + ej ψ6 =
1√
2
(φ1 − iφ2) |↓〉 λ3
T (m) ∈ L1
j = 1, 2, u = 1√
2
(1 + a−b+c√
(a−b+c)2+8d2
)
1
2 , w = 1√
2
(1− a−b+c√
(a−b+c)2+8d2
)
1
2
a = R0011 = R
00
22, b = R
00
33, ic = R
03
12 = −R0321, d = R1123 = R1132 = −R1213 = −R1231
λ1 =
a+b+c+
√
(a−b+c)2+8d2
2
, λ2 =
a+b+c−
√
(a−b+c)2+8d2
2
, λ3 = a− c
parameters. For m such that T (m) ∈ L1 and j = 1, 2, we obtain
Q123(m) = 2I2d, Q
1
23(m+ ej) = −2I2d,
Q231(m) = −2I2d, Q231(m+ ej) = 2I2d,
l33(m) = l
3
3(m+ ej) = 2c. (6.14)
Note that the onset of ferro spin obital angular momentum:l33 is induced by the transi-
tion to theG(MEg, 1, 1)3 state having non-collinear spin quadrupole moment:{Q123, Q231}.
From (3.43) we can see that for all site m
s3(m) = s1(m) = s2(m) = 0,
l3(m) = 0,
Q23(m) = Q31(m) = 0. (6.15)
The important point to note is that the existence of order parameters l33(m), Q
1
23(m)
and Q231(m) does not mean the coexistence of spin density s
3(m) and orbital an-
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gular momentum l3(m) nor spin densities s
1(m), s2(m) and quadrupole moment
Q23(m), Q31(m).
Next we consider X point non-collinear magnetic state. We consider two exam-
ples.
Example 6.4. G(XAg, 1, 1)3 state.
The isotropy subgroup of the G(XAg , 1, 1)3 state is
G(XAg, 1, 1)3 =M(e3)T
x(e2)T
y(e1)D4h(u2a, E)L3. (6.16)
From u2xT (e2) (∈ T x(e2)) and u2yT (e1) (∈ T y(e1)) invariance of Rlλ, we see that
only R00,R13,R21 and R32 are non-zero. From D2h, C
+
4zu2a (∈ D4h(u2a, E)) and
M(e3) invariance of R
lλ we see that only R00,R21 and R32 are non-zero and have
following forms,
R00 =

 a 0 00 a 0
0 0 b

 , R21 =

 c 0 00 d 0
0 0 f

 , R32 =

 d 0 00 c 0
0 0 f

 , (6.17)
where a, b, c, d and f are real numbers. From (3.26) we obtain
D↑↑(m) =D↓↓(m) = R00,
D↑↓(m) = e−iQ2·mR21 − ie−iQ3·mR32,
D↓↑(m) = e−iQ2·mR21 + ie−iQ3·mR32. (6.18)
Then from (3.29) we obtain, for m such that T (m) ∈ L3,
D(m) =
0
BBBBBB@
a 0 0 c− id 0 0
0 a 0 0 d− ic 0
0 0 b 0 0 f − if
c+ id 0 0 a 0 0
0 d+ ic 0 0 a 0
0 0 f + if 0 0 b
1
CCCCCCA
,
D(m + e1) =
0
BBBBBB@
a 0 0 −(c+ id) 0 0
0 a 0 0 −(d+ ic) 0
0 0 b 0 0 −(f + if)
−(c− id) 0 0 a 0 0
0 −(d− ic) 0 0 a 0
0 0 −(f − if) 0 0 b
1
CCCCCCA
,
D(m + e2) =
0
BBBBBB@
a 0 0 c+ id 0 0
0 a 0 0 d+ ic 0
0 0 b 0 0 f + if
c− id 0 0 a 0 0
0 d− ic 0 0 a 0
0 0 f − if 0 0 b
1
CCCCCCA
,
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Table XIV. Occupied general spin orbitals and their occupation numbers for G(XAg, 1, 1)3 state
site general spin orbital occupation number
m ψ1 =
φ1√
2
(|↑〉 + eiγ |↓〉) λ1
m ψ2 =
φ2√
2
(|↑〉 + ei(pi2 −γ) |↓〉) λ1
m ψ3 =
φ1√
2
(|↑〉 + ei(pi+γ) |↓〉) λ2
m ψ4 =
φ2√
2
(|↑〉 + ei( 3pi2 −γ) |↓〉) λ2
m ψ5 =
φ3√
2
(|↑〉 + e ipi4 |↓〉) λ3
m ψ6 =
φ3√
2
(|↑〉 + ei(pi+pi4 ) |↓〉) λ4
m + e1 ψ1 =
φ1√
2
(|↑〉 + ei(pi−γ) |↓〉) λ1
m + e1 ψ2 =
φ2√
2
(|↑〉 + ei(pi2 +γ) |↓〉) λ1
m + e1 ψ3 =
φ1√
2
(|↑〉 + e−iγ |↓〉) λ2
m + e1 ψ4 =
φ2√
2
(|↑〉 + ei(−pi2 +γ) |↓〉) λ2
m + e1 ψ5 =
φ3√
2
(|↑〉 + ei(pi−pi4 ) |↓〉) λ3
m + e1 ψ6 =
φ3√
2
(|↑〉 + ei(−pi4 ) |↓〉) λ4
m + e2 ψ1 =
φ1√
2
(|↑〉 + ei(−γ) |↓〉) λ1
m + e2 ψ2 =
φ2√
2
(|↑〉 + ei(−pi2 +γ) |↓〉) λ1
m + e2 ψ3 =
φ1√
2
(|↑〉 + ei(pi−γ) |↓〉) λ2
m + e2 ψ4 =
φ2√
2
(|↑〉 + ei(pi2 +γ) |↓〉) λ2
m + e2 ψ5 =
φ3√
2
(|↑〉 + ei(−pi4 ) |↓〉) λ3
m + e2 ψ6 =
φ3√
2
(|↑〉 + ei(pi−pi4 ) |↓〉) λ4
m + e1 + e2 ψ1 =
φ1√
2
(|↑〉 + ei(pi+γ) |↓〉) λ1
m + e1 + e2 ψ2 =
φ2√
2
(|↑〉 + ei(−pi2 −γ) |↓〉) λ1
m + e1 + e2 ψ3 =
φ1√
2
(|↑〉 + eiγ |↓〉) λ2
m + e1 + e2 ψ4 =
φ2√
2
(|↑〉 + ei(pi2 −γ) |↓〉) λ2
m + e1 + e2 ψ5 =
φ3√
2
(|↑〉 + ei(pi+pi4 ) |↓〉) λ3
m + e1 + e2 ψ6 =
φ3√
2
(|↑〉 + ei(pi4 ) |↓〉) λ4
T (m) ∈ L3, λ1 = a+
√
c2 + d2, λ2 = a−
√
c2 + d2, λ3 = b+
√
2f, λ4 = b−
√
2f
eiγ =
c+ id√
c2 + d2
, a = R0011 = R
00
22, b = R
00
33, c = R
21
11 = R
32
22, d = R
32
11 = R
21
22, f = R
21
33 = R
32
33
Symmetry Classes of Spin and Orbital Ordered States in a t2g Hubbard Model 37
D(m + e1 + e2) =
0
BBBBBB@
a 0 0 −(c− id) 0 0
0 a 0 0 −(d− ic) 0
0 0 b 0 0 −(f − if)
−(c+ id) 0 0 a 0 0
0 −(d+ ic) 0 0 a 0
0 0 −(f + if) 0 0 b
1
CCCCCCA
.
(6.19)
Diagonalizing D, we obtain occupied general spin orbitals and their occupation
numbers as in Table XIV.
In Fig.3 we show the spin density pattern of s(m) = (s1(m), s2(m)) for four
sites in the unit cell. Note that this spin density pattern has G(XAg, 1, 1)3 symmetry.
  e
 1
e
 2 e+e 1    2
Fig. 3. Spin density s(m) =
`
s1(m), s2(m)
´
of the G(XAg , 1, 1)3 state. |s(m)| = c+ d+ f .
Example 6.5. G(XB3g , 1, 1)3 state.
The isotropy subgroup of the G(XB3g , 1, 1)3 state is
G(XB3g, 1, 1)3 =M(e3)Tx(e2)Ty(e1)D4h(u
+
4z , u2x)L3. (6.20)
From G(XB3g , 1, 1)3 invariance, we obtain non-zeroR
00,R13,R21 andR32 as follows
R00 =

 a 0 00 a 0
0 0 b

 , R13 =

 0 ic 0−ic 0 0
0 0 0

 , (6.21)
R21 =

 0 0 00 0 d
0 d 0

 , R32 =

 0 0 −d0 0 0
−d 0 0

 , (6.22)
where a, b, c and d are real numbers, and i is imaginary unit. From (3.26) and (3.29)
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we obtain, for m such that T (m) ∈ L3,
D(m) =


a ic 0 0 0 id
−ic a 0 0 0 d
0 0 b id d 0
0 0 −id a −ic 0
0 0 d ic a 0
−id d 0 0 0 b


,
D(m+ e1) =


a −ic 0 0 0 id
ic a 0 0 0 −d
0 0 b id −d 0
0 0 −id a ic 0
0 0 −d −ic a 0
−id −d 0 0 0 b


,
D(m+ e2) =


a −ic 0 0 0 −id
ic a 0 0 0 d
0 0 b −id d 0
0 0 id a ic 0
0 0 d −ic a 0
id d 0 0 0 b


,
D(m+ e1 + e2) =


a ic 0 0 0 −id
−ic a 0 0 0 −d
0 0 b −id −d 0
0 0 id a −ic 0
0 0 −d ic a 0
id −d 0 0 0 b


. (6.23)
Diagonalizing D, we obtain the occupied general spin orbital and their occupation
numbers as shown in Table XV. From (3.43) we see that this state has spin orbital
angular momenta l3z(m) and spin quadrupole momenta Q
1
23(m), Q
2
31(m) as follows:
Q123(m) = 2I2d, Q
2
31(m) = −2I2d,
Q123(m+ e1) = −2I2d, Q231(m+ e1) = −2I2d,
Q123(m+ e2) = 2I2d, Q
2
31(m+ e2) = −2I2d,
Q123(m+ e1 + e2) = −2I2d, Q231(m+ e1 + e2) = 2I2d,
l33(m) = l
3
3(m+ e1 + e2) = 2c,
l33(m+ e1) = l
3
3(m+ e2) = −2c, (6.24)
for m such taht T (m) ∈ L3. Here we note that the secondary LOP:l33 is induced by
the appearance of the primary LOP:{Q123, Q231}. From (3.43) we can see that for all
site m
s1(m) = s2(m) = s3(m) = 0,
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Table XV. Occupied general spin orbitals and their occupation numbers for G(XB3g , 1, 1)3 state
site general spin orbital occupation number
m ψ1 = i
sgn(d)√
2
u(φ1 − iφ2) |↑〉+ wφ3 |↓〉 λ1
m ψ2 = −i sgn(d)√2 u(φ1 + iφ2) |↓〉 + wφ3 |↑〉 λ1
m ψ3 = −i sgn(d)√2 w(φ1 − iφ2) |↑〉 + uφ3 |↓〉 λ2
m ψ4 = i
sgn(d)√
2
w(φ1 + iφ2) |↓〉+ uφ3 |↑〉 λ2
m ψ5 =
1√
2
(φ1 + iφ2) |↑〉 λ3
m ψ6 =
1√
2
(φ1 − iφ2) |↓〉 λ3
m + e1 ψ1 = i
sgn(d)√
2
u(φ1 + iφ2) |↑〉+ wφ3 |↓〉 λ1
m + e1 ψ2 = −i sgn(d)√2 u(φ1 − iφ2) |↓〉 + wφ3 |↑〉 λ1
m + e1 ψ3 = −i sgn(d)√
2
w(φ1 + iφ2) |↑〉 + uφ3 |↓〉 λ2
m + e1 ψ4 = i
sgn(d)√
2
w(φ1 − iφ2) |↓〉+ uφ3 |↑〉 λ2
m + e1 ψ5 =
1√
2
(φ1 − iφ2) |↑〉 λ3
m + e1 ψ6 =
1√
2
(φ1 + iφ2) |↓〉 λ3
m + e2 ψ1 = −i sgn(d)√2 u(φ1 + iφ2) |↑〉 + wφ3 |↓〉 λ1
m + e2 ψ2 = i
sgn(d)√
2
u(φ1 − iφ2) |↓〉+ wφ3 |↑〉 λ1
m + e2 ψ3 = i
sgn(d)√
2
w(φ1 + iφ2) |↑〉+ uφ3 |↓〉 λ2
m + e2 ψ4 = −i sgn(d)√2 w(φ1 − iφ2) |↓〉 + uφ3 |↑〉 λ2
m + e2 ψ5 =
1√
2
(φ1 − iφ2) |↑〉 λ3
m + e2 ψ6 =
1√
2
(φ1 + iφ2) |↓〉 λ3
m + e1 + e2 ψ1 = −i sgn(d)√2 u(φ1 − iφ2) |↑〉 + wφ3 |↓〉 λ1
m + e1 + e2 ψ2 = i
sgn(d)√
2
u(φ1 + iφ2) |↓〉+ wφ3 |↑〉 λ1
m + e1 + e2 ψ3 = i
sgn(d)√
2
w(φ1 − iφ2) |↑〉+ uφ3 |↓〉 λ2
m + e1 + e2 ψ4 = −i sgn(d)√
2
w(φ1 + iφ2) |↓〉 + uφ3 |↑〉 λ2
m + e1 + e2 ψ5 =
1√
2
(φ1 + iφ2) |↑〉 λ3
m + e1 + e2 ψ6 =
1√
2
(φ1 − iφ2) |↓〉 λ3
m : T (m) ∈ L3
a = R0011 = R
00
22, b = R
00
33, ic = R
13
12 = −R1321, d = R2123 = R2132 = −R3213 = −R3231
λ1 =
a+b+c+
√
(a−b+c)2+8d2
2
, λ2 =
a+b+c−
√
(a−b+c)2+8d2
2
, λ3 = a− c
u = 1√
2
(1 + a−b+c√
(a−b+c)2+8d2
)
1
2 , w = 1√
2
(1− a−b+c√
(a−b+c)2+8d2
)
1
2
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l3(m) = 0,
Q23(m) = Q31(m) = 0. (6.25)
Thus the G(XB3g , 1, 1)3 state is not a coexistent state of spin density and quadrupole
moment.
Finally we note that many states in Table IX and X have spin orbital angular
momentum and/or spin quadrupole moment, however they are not coexistent states
of {spin density}, and {orbital angular momentum or quadrupole moment} except
G(XAg , 1, 1)1 state.
§7. Some numerical results
In this section we present some calculated results of HF equations for the states
listed in Table V, Table VI, Table IX and Table X. We solve the Hartree-Fock
equation of a state (characterized by an isotropy subgroup Gj) self-consistently by
starting initial values of Rlλ with Gj symmetry. From the SCF condition (3.8) we
obtain the initial values of xlλ. After diagonalizing Hm of (3.10) with these x
lλ,
we obtain new Rlλ. The obtained Rlλ are substituted into (3.8) to compute new
xlλ. We use them as inputs to repeat the above process until the relative errors in
Rlλ between successive iterations are less than the desired accuracy. After obtaining
converged Rlλ , we obtain the HF energy EHF from (3.12).
We consider the cases of parameter sets listed in Table XVI. Since it is known
that Ca2−xSrxRuO4 has four 4d electrons in the t2g orbitals,4), 5) we use number of
electrons per site n0e = 4.0 for all parameter sets. The eighth column denotes the
most stable state among all states listed in listed in Table V, Table VI, Table IX and
Table X.
Table XVI. Parameter sets for model calculations
N.O δ t1 t2 t3 U J = J
′ most stable state
(1) 0.0 1.0 0.0 1.0 9.0 2.25 G(ΓA1g, 1, 1)
(2) 0.4 1.0 0.0 1.0 9.0 0.4 G(MB1g , 1, 1)
(3) 0.0 1.0 0.0 1.0 9.0 0.7 G(MEg, 1, 1)3, G(XB3g , 1, 1)3
(4) -0.14 1.0 0.8 0.8 8.0 1.0 G(XAg, 1, 1)3
number of electrons per site = n0e = 4.0, U
′ = U − 2J
7.1. Parameter set (1)
In the parameter set (1), where J has rather large values, the G(ΓA1g, 1, 1) state
is most stable. The calculated values of a, b, c and d in (6.3) are
a = 0.6679, b = 0.6643, c = 0.3321, d = 0.3357. (7.1)
Thus we obtain a+ c ≈ 1.0, a − c ≈ 13 , b+ d ≈ 1.0 and b− d ≈ 13 . Then from Table
XI, the occupation numbers for φi |↑〉 and φi |↓〉 are
n(φ1 |↑〉) = n(φ2 |↑〉) = n(φ3 |↑〉) = 1,
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n(φ1 |↓〉) = n(φ2 |↓〉) = n(φ3 |↓〉) ≈ 1
3
. (7.2)
7.2. Parameter set (2)
In the parameter set (2), the G(MB1g, 1, 1) state is most stable. The calculated
values of a, b and c are
a = 0.5, b = 1, c = −0.473. (7.3)
Thus we have
a+ c = 0.027 ≈ 0.0, a− c = 0.974 ≈ 1.0, b = 1.0. (7.4)
From Table XII, we obtain a qualitative pattern of the electron occupations as shown
in Fig.4.
 
1
 
1  2  2  3 3
0 e1
Fig. 4. Schematic pattern of the electron occupation in G(MB1g , 1, 1) state. ↑ (↓) indicates one
electron with up(down) spin.
7.3. Parameter set (3)
In the parameter set (3), the G(MEg, 1, 1)3 and the G(XB3g , 1, 1)3 states have
the same energy and are most stable. The calculated values of a, b, c and d in (6.12)
and (6.22) are
a = 0.7113, b = 0.5775, c = −0.2775, d = 0.3240. (7.5)
Then the occupation numbers for general spin orbitals ψj (j = 1, . . . , 6) in Table
XIII and XV are
n(ψ1) = n(ψ2) = λ1 =
a+ b+ c+
√
(a− b+ c)2 + 8d2
2
≈ 1.0,
n(ψ3) = n(ψ4) = λ2 =
a+ b+ c−
√
(a− b+ c)2 + 8d2
2
≈ 0.0,
n(ψ5) = n(ψ6) = λ3 = a− c ≈ 1.0. (7.6)
7.4. Parameter set (4)
In the parameter set (4), the G(XAg , 1, 1)3 state is most stable. The calculated
values of a, b, c, d and f in (6.17) are
a = 0.75, b = 0.5, c = −0.1802, d = −0.1408, f = 0.3416. (7.7)
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Then the occupation numbers for general spin orbitals ψj (j = 1, · · · , 6) in Table
XIV are
n(ψ1) = n(ψ2) = λ1 = a+
√
c2 + d2 = 0.9786 ≈ 1.0,
n(ψ3) = n(ψ4) = λ2 = a−
√
c2 + d2 = 0.521 ≈ 0.5,
n(ψ5) = λ3 = b+
√
2f = 0.017 ≈ 0.0,
n(ψ6) = λ4 = b−
√
2f = 0.983 ≈ 1.0. (7.8)
The magnitude of spin density |s(m)| is c + d + f = −0.1802 − 0.1408 + 0.3416 =
0.0206.
§8. Summary and discussion
We applied the group theoretical bifurcation theory of the HF equation to the
t2g-Hubbard model on a two-dimensional square lattice. By enumerating the axial
isotropy subgroups of the R-reps of the group G0 in the HF Hamiltonian space WHF
in the cases of ordering vectors Qi, i = 0, 1, 2, 3, we have obtained many types of
broken symmetry states which bifurcate from the normal state through one step
transition.
It is shown that these states have various types of local order parameters (LOP):
spin density s = (s1, s2, s3), quadrupole momentQ = (Q22, Q12, Q23, Q31), orbital an-
gular momentum l = (l1, l2, l3), spin quadrupole moment Q
λ = (Q2λ2 , Q
λ
12, Q
λ
23, Q
λ
31)
and spin orbital angular momentum lλ = (lλ1 , l
λ
2 , l
λ
3 ), where λ = 1, 2, 3. We have
illustrated how the isotropy subgroup of a state can determine the canonical form
of the HF Hamiltonian, the standard forms of the occupied spin orbitals and their
occupation number, and types of LOP.
We performed numerical calculations for all states discussed in §5 and §6 with
some parameter sets. We found that various types of broken symmetric solutions
can be the most stable state depending on parameter sets. Through these calcula-
tions we found that non-collinear magnetic states:G(MEg , 1, 1)3, G(XB3g , 1, 1)3 and
G(XAg , 1, 1)3 can be the ground state for some parameter sets.
In §5 and §6 we considered broken symmetry states bifurcating through a single
phase transition from the normal state. However as shown in §7 of I, there are many
other states derived through two step transitions from the normal state. Here we
consider two states bifurcatig from the G(MB2g, 0, 0) treated in the Example 5.2.
The isotropy subgroup of the G(MB2g, 0, 0) is
G(MB2g , 0, 0) = (E + T (e1)C2x)D2aL1SR (8.1)
By a similar method to that in §7 of the previous paper, we obtain the following two
types of isotropic subgroups
G(MB2g, 0, 0)a = (E + tu2y)(E + T (e1)C2x)D2ahL1A(e3),
G(MB2g, 0, 0)b = (E + tu2y)(E + T (e1)C2xu2x)D2ahL1A(e3). (8.2)
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We consider these states seperately.
(a) G(MB2g , 0, 0)a state.
This state has following non zero Rlν
R00 =

 a 0 00 a 0
0 0 b

 , R10 =

 0 c 0c 0 0
0 0 0

 ,
R03 =

 d 0 00 d 0
0 0 f

 , R13 =

 0 e 0e 0 0
0 0 0

 . (8.3)
Thus from (3.43) we obtain for m such that T (m) ∈ L1
Q12(m) = 4I2c, Q12(m+ ej) = −4I2c,
s3(m) = 2d+ f, s3(m+ ej) = 2d+ f,
Q312(m) = 2I2e, Q
3
12(m+ ej) = −2I2e, (8.4)
where j = 1, 2. Thus we see that through the ferromagnetic transition of the
G(MB2g, 0, 0) state which has the anti-ferro quadrupole moment Q12, there appears
anti-ferro spin quadrupole moment Q312 as well as ferro spin density s
3.
(b) G(MB2g, 0, 0)b state.
This state has following non zero Rlν
R00 =

 a 0 00 a 0
0 0 b

 R10 =

 0 c 0c 0 0
0 0 0


R03 =

 0 e 0e 0 0
0 0 f

 R13 =

 d 0 00 d 0
0 0 f

 (8.5)
Thus we obtain, for m such that T (m) ∈ L1 and j = 1, 2,
Q12(m) = 4I2c, Q12(m+ ej) = −4I2c,
s3(m) = 2d+ f, s3(m+ ej) = −(2d+ f),
Q312(m) = 2I2e, Q
3
12(m+ ej) = 2I2e. (8.6)
Thus we see that through the anti-ferromagnetic transition of the G(MB2g, 0, 0)
state, there appears ferro spin quadrupole moment Q312 as well as anti-ferro spin
density s3.
By similar manner to that of above cases, we can see that states, which are
derived through two step transition from the normal state, are coexisting states of
{spin sensity , quadrupole moment and spin quadrupole moment }, or {spin sensity,
orbital angular momentum and spin orbital angular momentum}.
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Appendix A
Derivation of quadrupole moment
Here we derive (3.36) for the quadrupole moment at the sitem. The quadrupole
moment operator Qˆij(m) at a site m is defined by
22)
Qˆij(m) =
3∑
p,q=1
2∑
s,s′=1
〈φmps|(3xixj − δijr2)|φmqs′〉a†mpsamqs′
=
2∑
s=1
3∑
p,q=1
(Qij)pqa
†
mpsamqs, (A.1)
where φmps = φp(r −m)χs, χs are the spin function: χ1 = | ↑〉, χ2 = | ↓〉, and Qij
is a 3× 3 symmetric matrix whose (p, q) component is defined by
(Qij)pq =
∫
drφp(r)(3xixj − r2δij)φq(r). (A.2)
Thus the expectation value of the quadrupole moment at a site m given by
Qij(m) =
2∑
s=1
3∑
p,q=1
(Qij)pq〈a†mpsamqs〉. (A.3)
The explicit forms of Qij are given by
Q11 =

 2I1 0 00 −I1 0
0 0 −I1

 , Q12 = Q21 =

 0 I2 0I2 0 0
0 0 0

 ,
Q22 =

 −I1 0 00 2I1 0
0 0 −I1

 , Q23 = Q32 =

 0 0 00 0 I2
0 I2 0

 ,
Q33 =

 −I1 0 00 −I1 0
0 0 2I1

 , Q31 = Q31 =

 0 0 I20 0 0
I2 0 0

 , (A.4)
where
I1 =
∫
drφ1(r)(x
2 − y2)φ1(r),
I2 = 3
∫
drφ1(r)xyφ2(r). (A.5)
Thus from(A.3) and (A.4) we obtain
Q11(m) = I1
2∑
s,s′=1
(
2〈a†m1sam1s′〉 − 〈a†m2sam2s′〉 − 〈a†m3sam3s′〉
)
σ0ss′ ,
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Q22(m) = I1
2∑
s,s′=1
(
−〈a†m1sam1s′〉+ 2〈a†m2sam2s′〉 − 〈a†m3sam3s′〉
)
σ0ss′,
Q33(m) = I1
2∑
s,s′=1
(
−〈a†m1sam1s′〉 − 〈a†m2sam2s′〉+ 2〈a†m3sam3s′〉
)
σ0ss′,
Q12(m) = Q21(m) = I2
2∑
s,s′=1
(
〈a†m1sam2s′〉+ 〈a†m2sam1s′〉
)
σ0ss′ ,
Q23(m) = Q32(m) = I2
2∑
s,s′=1
(
〈a†m2sam3s′〉+ 〈a†m3sam2s′〉
)
σ0ss′ ,
Q31(m) = Q13(m) = I2
2∑
s,s′=1
(
〈a†m3sam1s′〉+ 〈a†m1sam3s′〉
)
σ0ss′ . (A.6)
The spin quadrupole moment is defined by
Qˆλij(m) =
1
2
3∑
p,q=1
2∑
s,s′=1
〈φmps|(3xixj − δijr2)σλss′ |φmqs′〉a†mpsamqs′ . (A.7)
Then we obtain (3.38) for the expectation values of spin quadrupole moment.
Appendix B
Derivation of the orbital angular momentum
Here we derive (3.40) for the orbital angular momentum at the site m. Let
lˆj (j = 1, 2, 3) be the orbital angular momentum. Then operators of the orbital
angular mormentum at the site m are expressed by
lˆi(m) =
3∑
p,q=1
2∑
s,s′=1
〈φmps|lˆi|φmqs′〉a†mpsamqs′
=
3∑
p,q=1
2∑
s=1
〈φmps|lˆi|φmqs〉a†mpsamqs
=
3∑
p,q=1
2∑
s=1
(Li)pqa
†
mpsamqs. (B.1)
where
(Li)pq = 〈φmps|lˆi|φmqs〉. (B.2)
We denote a 3 × 3 matrix, whose (p, q) component is (Li)pq, by Li. Within the t2g
subspace we have23)
L1 =

 0 0 00 0 i
0 −i 0

 , L2 =

 0 0 −i0 0 0
i 0 0

 , L3 =

 0 i 0−i 0 0
0 0 0

 . (B.3)
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Thus form (B.1) and (B.3) the expectation values li(m) of the orbital angular mo-
mentum lˆi(m) are given by
l1(m) =
∑
ss′
(i)(〈a†m2sam3s′〉 − 〈a†m3sam2s′〉)σ0ss′ ,
l2(m) =
∑
ss′
(i)(〈a†m3sam1s′〉 − 〈a†m1sam3s′〉)σ0ss′ ,
l3(m) =
∑
ss′
(i)(〈a†m1sam2s′〉 − 〈a†m2sam1s′〉)σ0ss′ . (B.4)
The spin orbital angular momentum is defined by
lˆλi (m) =
1
2
3∑
p,q=1
2∑
s,s′=1
〈φmps|lˆiσλss′ |φmqs′〉a†mpsamqs′ . (B.5)
Then we obtain (3.41) for the spin orbital angular momenta.
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